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nnHOSE who examine Dual Arithmetic in all its bearings 
-*" will find that a branch of greater importance has not 
been contributed to mathematical science. Important at 
this branch of mathematics is, it might be long neglected 
for the want of a treatise of a nature sufficiently elementary, 
which requirement this work is designed to supply. 
Although this school-book is suited for young students of 
different capacities, yet it contains many concise rules and 
contracted processes not to be found in my larger works on 
the Art and Science of Dual Arithmetic. However, I have 
maintained throughout the present work a method of 
teaching that approaches nearest the method of investiga- 
tion which I have pursued in my other works on the same 
subject, because such procedure possesses many advantages 
in extending elementary instruction. In teaching the 
elements of a Gbeat Art like Dual Arithmetic, entirely 
new, many examples are necessary, yet a healthy impression 
should be left on the mind of a scholar, and the spirit of 
inquiry strengthened and not disgusted by monotonous 
repetitions. The following operative numbers, namely, 

1- 

1-21 

14-6-41- 
1-51010-61- 
are of great use in Dual Arithmetxc •, Widi lJ^.^i^clavi^ ^^"es^ 
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numbers are readily formed (see pp. 21, 36) and easily 
remembered, yet I make special reference to them here to 
impress tbeir importance on the mind of the student. 

It may be further necessary to inform the reader that I 
discovered the Art and Science of Dual Arithmetic, upon 
which I have written elementary works, entitled, " The 
Toung Dual Arithmetician;" "Dual Arithmetic, a New 
Art;" " Dual Arithmetic, a New Art, Part the Second." 
This work is on the descending branch of the art, and 
treats of the Science of Dual Arithmetic. Part the Third 
is in the press. Besides, I have published works entitled, 
" Limited Tables of Dual Logarithms, Angular Magnitudes, 
and Trigonometrical Lines ; " and " General Method of 
Solving Equations of all Degrees." I have applied Dual 
Arithmetic to many important inquiries in my '* Essential 
Elements of Practical Mechanics," and in my Dictionary 
of Civil, Mechanical, Military, and Naval Engineering, 
which work is called " Spons' Dictionary," after the 
Publishers, the Messrs. Spon. 

OLIVER BTENE. 
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DECIMAL ARITHMETIC 

AND 

OTHEE PRBLIMINAEY OPERATIONS. 



Pbetious to commencing the study of Dual Arithmetic^ 
it is necessary to have a clear and philosophical view of 
Decimal Arithmetic. 

Oe Decimal Pbactions. 

1. A fraction expresses part of any whole thing by two 
numbers, one placed above a line and the other below it ; 
the number below the line is called the denominator, and 
shows how many parts the quantity is to be divided into ; 
the number above the line is called the numerator, and 
specifies the number of such parts to be taken : — for ex- 
ample, let us take the following fractions, 

132 ,4^ numerator, 
2' 4' 3' 7' denominator; 

which are called one-half, three-fourths; two-thirds, and 
four-sevenths respectively, that is, if a quantity be divided 
into two equal parts and one of them taken, it is expressed 
by i, or one-half; if a quantity be divided into seven equal 
parts, and four of them taken, it is expressed by -f, and 
is called four-sevenths, and so of others. 

3. When the numerator and denominator are equal, as -f, 
the fraction is equal one, and when the numerator is greater 
than the denominator, the fraction is called improper, and 
is greater than one ; -f-, which is equal f and f together, or 
equal 1^, 

3. If the numerator and denominator of any fraction be 
multipied or divided by any number, it neither increases 
nor diminishes the value of the fraction ; thus, 

i^_2_4__40_40o_ 

2~4~8~8o~8oo~ ' 

.40 20 2 1 
and J-= — =- - ; 
80 40 4 Ci 

for it is evident that if a quantity be dm4^3Lm\*o ^^Ck ^^^ 

B 
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parts, and 400 of them taken, one-half the quantity is 
taken ; the same reasoning holds good with other fractions. 

3 30 300 3000 „ 

4 40 400 4000 ' 
4_40_400_4000_ 
7""7o'~"7oo~7ooo~ ' ' 

so that it appears a fractional part of anything may be 
expressed in an infinite number of ways. 

4. From the above it appears that one fraction may be 
redaced to another equal to it, and having, either the nume- 
rator or denominator, what number we please ; for example, 
let us reduce f to a fraction equal to it whose denominator 
shall be 1000. 

2 _ 2000 , 20oo_666f ^ 2_666f 
3 ""3000 3000" 1000 ** 3"" 1000 

5. The reduction of vulgar fractions to decimals, is 
nothing more than the reduction of one fraction to another 
whose denominator will be 10, 100, 1000, 10000, &c. ; then 
cancelling the denominator, and placing a full point to the 
left of the numerator, which must consist of as many places 
of figures as there are ciphers cancelled in the denomi- 
nator ; any deficiency of figures in the numerator must be 
made up with ciphers to the left. 

ExAicPLES nr Beditctiok. 
Ex. 1. Seduce i to a decimal. 

3 300 , 300 75 . 3 75 .^. f A ' y 
-=- — and =-^^ .'. -=-^^ or '75 of a decimal. 

4 400 400 100 4 100 

COKTBAOTED. 

4)30000 

•75 Answer, 

JEx. 2. Beduce 159. ^d, to the decimal of a pound sterling. 

15*. 7 J. =187 pence. 
£1. =240 

6. Then the vulgar fraction is expressed by \^, the 
decimal is '7791667 to seven places of figures ; this is far 
enough to continue decimals for most practical purposes, 
and when the last figure is 5, 6, 7, 8, or 9, the figure pre- 
ceding may be counted one more. 



decimal abithmetic. 8 

Work. 

a4|o)i87 (77916666, &c. 
168 

190 
168 

220 
ai6 

40 

160 
144 
16, &c. 

Impobtakt Eule. 

When the last figure and all that follow are re- 
jected, and wh^i the last figure is 5, 6, 7, 8, or 9, the figure 
preceding may be counted one more; /. the decim^ of 
ffj to five places is '77917. 

jEmt. 3. Beduce ^ to a decimal fraction. 

63) 200000000(03 1 74603 
189 
110 
63 



470 
441 



290 
252 



380 
378 

200 

189 

11 

7. In this division there are eight ciphers used, then 
there must be eight places of figures in the quotient, and 
therefore one cipher is to be placed to the left of the figures 
obtained, and then the full point ; or, which is the same, for 
every cipher added to the numerator there should be a 
cipher or some figure placed in the quotient, and before the 
figure put in the quotient for the first ci^loAt %2i<^^^> ^^ 
full point. 

B 2 
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Examples eob Fbactioe. 

4. Beduce 8 feet 7^ inehea to the decimal of a yard. 

Ans. 875. 

5. What decimal is equal to -^^ ? 

Ana, '081967 and 13 over. 

6. Bedace 17|- to a mixed decimal. 

Ans. 17*4285714, &c. 

To Pun) THE Valttb op akt Decimal. 

EuLE.^Multiply the given decimal by any denomination 
less than it, pointing off as many decimals in the prodact 
as are in the given decimal ; then the figure or figures to 
the left of the separating point will be the number of that 
denomination contained in the decimal. Where the deci- 
mal has to be reduced to two or more denominations, the 
process may be repeated, as in the following 

Examples. 

^07. 1. Bequired the value of'iiiiiiii of a hogshead 
containing 63 gaUons..,^^ 

•11111111 

63 



33333333 
66066666 

6-99999993 



8. When '999. . . . follows the decimal point, the whole 
number may be increased by one ; therefore the answer is 
7 gallons. 

Ua:. 2. What is the value of '87625 of a pound sterling ? 

•87625 
20 



17 5^500^ I .-. the value of £-87625 is equal £0. 17*. eid, 

I and -Ay of a farthing over. 

6 30000 

4 
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JEr, 3. Find the value of '087648 of a vard. 
•087648 ) 






•087648 of a yard=3 inches 2 parts 
nearly. 



feet =0262944 
12 

inclies=3i55328 

12 

parts =~i •863936, 

Examples foe Pbacticb. 

Ex. 4. Bequired the value of*o74325ofa pound sterling. 

An8, £0. \8, 5id. 352. 

Ea:, 5. Eeduce '8383838 of a foot to its equivalent value 
of inches and parts. Ans. 10 in. 0*7272 parts. 

JEx, 6. What is the value of -2648125 of a mile ? 

Ans. 2 fur. 4 pol. 4 yds. o ft. fi in. 6*24 pts. 

Most civilized nations employ the Metric system, of 
which we shall speak presently. 

Addition of Mixed Numbers and Decimal Ebaotioks. 

EuLE. — Keep the decimal points under each other and 
proceed as in common addition, observing to point off as 
many decimals in the sum as there are in the term which 
contains the greatest number of decimals ; 

OB, 

As placing ciphers afber decimals does not increase or 
diminish their value (4*), affix ciphers until each of the 
given terms consist of the same number of decimals, then 
proceed as in common addition, pointing the sum as before. 

Examples. 

JEr. 1. Eequired the sum of 346; 21-347; i'3; and 
94-0049. 

or thus, 



346 
21-347 

240049 
doing 



34600 

21 3470 
13000 

2400<v^ 



1 '■ 

I ri 
•i 
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9. The reason of this rule is obvious, for 

3-46 = 3tVct = 3iVo^cfe 
21-347 =21t-VoV =^^ToV^% 

1 'O 1 . S . — 1 3 000 

*o -:-*io — *i <5o o 

24-0049= 24tuV5 u = •-24ToV(nr 

Suiii=49HiJ*= 
*50yy^\^=50'i 1 19, the same as above. 

Examples eob Pbaotioe. 

Ea:. Q. What is the sum of 0*075; 110712; 171*; 
47-1433 and 14503215. Ana, 374*32165. 

JEJor. 3. Beduce the following fractions to decimals, and 
find their sum, namely ; ^, i, -j^, -5^, -^-g and r^. 

Ans, 17684848. 

SUBTEAOTIOK OF DECIMALS. 

BvLE. — Place the numbers under each other as in addi- 
tion, affixing ciphers, if necessary, to make the decimal places^ 
equal ; then proceed as in common subtraction, pointing off 
the decimals in the remainder as in addition. 

Examples. 

What is the difference between 3647 and 19*3764 ; 38*4 
and 3-84; and 341*365815 and 276 82. 

Ux. 1. JEar. 2. Ux. 3. 

From 36-4700 3840 341*365815 

Take 19*3764 384 276820000 

Eemainder 170936 3456 64*545815 

£d?. 4. Eequired the difference between 8*75-1- 825 an(f 
5*6814-2*17. Ans. 1*724. 

» 

! 

i, MuLTiPLiCATioir OF Decimals. 
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•I 



BuLE. — Multiply the factors as in common multiplica- 
tion ; then point off as many decimals in the product (from 
the right) as there are in both factors. 

^p^ 10. When it happens that the figures in the product 
are less than the decimals in both factors, ciphers must be 
prefixed ^o the left of the product to make up the defi- 
ciency. 
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Examples. 



J^. 1. 



Sx. 3. 



Multiply 14-36 by 16-451 
16-451 

1436 
7180 

5744 
8616 

1436 



Multiply '0473 by '0847 

'0847 

3311 
1892 

3784 



•00400631= Prod. 



Prod. =2 36- 2 3636 

11. The above rule for pointing the decimals in the pro- 
duct may be proved as follows : — 

14-36 =14AV ='iW 
and 1 rt-45 1 = 1 6t*oV^= VoV'o' 

.-. 14-36 xi645i = ^iWxVo%V = MM^* = 
2361*^*^=236 23636 as before. 

12, As it only occupies a few seconds to prove any mul- 
tiplication, it is advisable that all should be proved of which 
any doubt may be entertained. 

The following explains the method of proof. 
Ex. 3. Let it be required to multiply 23.33 by 16 321 
and prove the work to be right or wrong. 

Multiply 23 33 — (A) Proof. 

by 16321— (B) 

2333 
4666 

6999 
13998 
2333 




Prod.=. 330-76893— (C) 

Cast the nines out of the sum of the digits in (A), and 
what is over place on the cross to the left, that is, 2 + 3-)- 
3-1-3=1 i=one nine and 2 over, which set down; again, 
cast the nines out of (B), setting down on the cross to the 
right what is over, that is, 1+6 + 3=10=000 nine and 1 
over, then 1 + 2 + 1=4, which does not make up nine, then 
4 is over, which set down on the cross at (B) ; then multi- 
ply the numbers on the cross at (A) and (B) together, 
and cast the nines out of the product, and place what is 
over on the cross at (D). 

Lastly cast the nines out of the product (C) ; thus^ 
3 + 8=1 1=9 and 2 over; 2 + 7=9 and o o\eT-,^-V^=.\\'=-^ 
and 5 over; 5'+3=S, which »place outVve cto«^a«.^ ^^ \NXv«v\, 



I 



"V 



f 



M 



■•I 

I 

.1 

jil 

m1 
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if the numbers on the cross at (C) and (D) are equal, the 
work is right, and if not, wrong. In casting out the nines 
in any number, the ciphers or nines need noS be taken into 
account. 

It is natural to associate the idea of labour with long 
detail of execution, but such an idea may be abandoned 
here, as at most it will not take the operator more than 
half a minute to proye any multiplication by the directions 
just given. 

■j Examples pob Fracticb. 

-E!r. 4. Multiply 31416 by 10-24. -^^- 32169984. 

3 JEx. 5. Multiply -00376 by 278. Ans, 1-04528. 
j -Er. 6. Multiply 3i4i6H--7854 by 2218192— 277 274. 
!; Ans, 7621 984986 true to six places of decimals. 

11 DiYisioir OF Decimals. 

; EuLB. — Division of decimals is the same as division of 

i! whole numbers, only it is to be strictly observed that the 

;! number of decimals and ciphers annexed to the dividend 

4 must be always equal to the number of decimals both in the 
divisor and quotient ; now, as the number of decimals in the 
divisor, and also the number of decimals and ciphers afi&xed 
to the dividend, are known, the number of decimals in the 
quotient is determined by making their di£ference. But as 
the rule for division of decimals is best drawn from examples, 
the following are most of the varieties that can occur. 



Examples. 
ijj -Er. 1. Divide 3647* by 47. 

Dividend. 
Divisor 47)3^47(77*595744 Quotient 
329 



357 




329 




280 


210 


«35 


188 


450 


220 


423 


188 


270 


32 Eemainder. 


«35 




360 




329 





ji «'<» 



.'-/ 
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13. When the divisor, the dividend made less by the 

remainder, and the quotient are arranged as below, the 
proof is the same as in multiplication. jx 



Ciphers 
Divid. I annexed. 
3647 000000 

32 Bemainder. Quotient. 




Divisor. 

47— (B) 3646- 999968-(C) (77*595744-(A) 

14. When the divisor is a whole number and less than 
the dividend, another whole number, the quotient is com- 
posed of whole numbers and decimals ; the number of deci- 
mals in the quotient is equal the number of ciphers called 
down. 

Ex. 2. Divide 47* by 3647. 

Divisor. Divid. Quotient. 
3647* ) 47-00 ( -012887 

3647 

10530 
7294 



32360 
29176 

31840 
29176 

26640 

1111 Bemainder. 
Pkoof: 
Quotient = '012887 — (A) 
Divisor = 3647- — (B) 

Dividend and ciphers afiixed. 
From 47000000 
Take 1111 Bemainder 

46-998889— (C) 

15. We obtain five figures in the quotient, but there 
ought to be six, because there are six ciphers appended to 
the dividend, and no decimal in the divisor, therefore a 
cipher must be placed to the left of the figures in the o^^ 
tient, and then the decimal point. 

B 3 
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;. 3. Diride 347'>3 by 519878. 
Divisor, Dividend. Quotient. 
519878 ) 34711300 ( 6679067 




3645390 
3639146 

6174 Bemainder. 
jyj^ (The number of decimals and ciphflra') 
X appended to the dividend ) 

Take The number of decimaln in the dirisor 
Semaioder The number of decimals in the quotient 

Pboo7. 
Quotient = 6679o67-(A) 
Divisor = 5i9878-(B) 
From the diridend and 1 „,, „„™™™^ ^ ^/^s? ® 

ciphen. appended j =347 a 300000000 /-^ 
Take the renuinder = 6174 

347 2299993806— (C) 
JSe. 4 Divide 87-3749 by -00436. 

■00436 ) 873749 ( 300401146 
672 _ 
"'>749 
'744 
500 

G40 
436 
3040 
• '744 , 
agSo 
fl6i6 
344 Bemainder. 
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-o ( The number of decimals and ciphers in 7 ^ 

^^^"^ I the dividend j ^ 

Take The number of decimals in the divisor 5 

■o • J f There remains the number of decimals *) ~ 

Bemainderl that ought to be in the quotient ) ^ 

The proof would be similar to those previously given. 
Ex. 5. Divide -063478 by -000125. 

-0000125 ) -063478 ( 507824 

625 

978 
875 

1030 
1000 



300 
250 

500 
500 

Number of decimals and ciphers in the dividend = 9 
Number in the divisor = 7 

The number in the quotient = 2 

16. ^^ To the previous remarks on division, we may 
add the following Eulb. — Make the number of decimals in 
the divisor and dividend equal, by adding ciphers to the 
deficient one ; then, when the divisor divides the dividend 
without annexing any more ciphers, the quotient will be a 
whole number ; but when we call more ciphers to the divi- 
dend, any figures that are put after in the quotient will be 
decimals. 

17. The reason that the number of decimals in the quo- 
tient is equal the number in the dividend with the ciphers 
appended, made less by the number in the divisor, will 
appear, from the following; taking the 5th example for 
instance, 

Dividend =-063478 = "^^^'^ " ^^^'^ 



Divisor =-0000125= 



1000000 1000000 
0000125 125 



•o6.'5-«-'78 -5- -0000125= 



10000000 10000000 
t3478 . 125 



I 000000 lOOOOOQO 
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O3478 iooooooo_63478ooooooo_63478o 

1000000 125 "~ 125000000 "" 125 

•^o 6 24. 
5078^^=5078— =5078-^=5078-24. 
125 '25 ' 100 ' 

EXAMPLBS TOB PbAOTICE. 

Ex. 6. Divide 354* by 31416. Ans. iia 681 

Ex. 7. Divide 31416 by 8974. Atis, 0350078. 

Ex.%. Divide 2218-192 — 7854 by 277-274 + 3-i4i6x 
•5236. Am. 15-10236. 

Those who have studied the history of the mathematical 
sciences cannot but have noticed the slow manner in which 
improvements have been admitted into general use ; even at 
this late date, barbarous and inadequate as the method was, 
the Author was obliged to allow his bases to be expressed in 
vulgar fractions, in order that his published works on Dual 
Arithmetic might be better understood. Dual Arithmetic 
calls for but few innovations to establish its general nota- 
tion ; decimal arithmetic is left in possession of the full 
point (-), while in dual arithmetic the comma (,) is employed, 
a distinction easily remembered. The first notice of decimals 
is to be found in a tract at the end of Stevinus' Arithme" 
tiqucy in the collection of his works by his friend and pupil 
Albert G-irard ; the tract is entitled La JDisme. This col- 
lection was first published in Elemish, about the year I590. 
At this early date, decimals in the first place are termed 
primes and marked (1), those in the second place are 
marked (2), and called seconds, and so on ; whilst all integers 
are characterized by the sign (o), which is put after or 
above the last digit. 

Example ik Additiok. 
1590. 1865. 

(o)(i)(2)(3)(4) 

34612 3 4612 

21 4 7 7 2 21-3472 

13006 1-3006 

24 o 4 9 240049 

50 1 1 3 9 501139 

(o)U)W(3)(4) 

The denominators 10 ; 100; 1000; &c., were employed 
after the time of Briggs and Napier, Erom what is here 
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sbown it is presumed that the rationale of contracted pro- 
cesses and other decimal operations will be easily understood 
bj the student. 

The Metbic System of Measubemekt. 
For Multiples Greek words are used. 



Metres. 


Feet. 


Inches. 


Metre !• 
Hecto-Metre lo^ 
Kilo-Metre loo^ 
JbLyria-Metre looo' 


3^2808992 
32 808992 
32808992 
32808992 


393707904 
393707904 
393707904 
393707904 


For Divisors Latin words are used. 


Metres. 


Feet. 


Inches. 


Metre i* 
Deci-Metre • i 
Centi-Metre 'Oi 
Milli-Metre •ooi 


3-2808992 
•32808992 
•032808992 
•0032808992 


393707904 
3-93707904 
•393707904 
•0393707904 



18. Thus a Kilometre = 100 metres; and a Millimetre 
= a metre -r- 1000. 

The square Decametre, called the Are, is the element of 
land measure in France, and is equal 1076*42996 square 
feet English. 

The Stere is a cubic metre = 353 16582 cubic feet 
English. 

The Litre, for liquid measure, is a cubic decimetre = 
1*76007 imperial pints, English, at the temperature of 
melting ice; a litre of distilled water weighs i$4'^4 grains 
Trmj, ♦ 

The unit of weight is the gramme ; it is the weight of a 
cubic centimetre of distilled water, or of a millimetre, and 
hence equal to 15*434 grains Troy. 

The English standard yard was destroyed by fire, copies 
of which are now employed that cannot be proved to be 
right or wrong, since the exact distance between the point 
of suspension and centre of oscillation, in any known pen- 
dulum, cannot be exactly measured. 

Obsebtations. 

By removing the decimal point a figure to the lef%, a 
number is divided by 10 ; by moving the point two ^%^k\^:^ 
to the left, the number is divided by 100*, an^ ^o ox^i 
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Thus, 3-937079 18 the one-tenth of 39*37079i 

•3937079 >8 the -j^ part of 39*37079, 

•03937079 is the T^ part of 39 37079. 

Again, Multiply 3937 3937 39'37 

bj '1 '01 001 

Product 3937 3937 03937 

39*3707904 X 10 =393707904 
39*3707904x100 =393707904 
393707904 X 1000=39370 7904 

By moving the decimal point a figure to the right at each 
Buccessiye step. 

'393707904 -5--1 =3*93707904 
•393707904-5-01 =39*3707904 
•393707904-^ 001 =393707904 
•393707904-^*0001=3937 07904 
&c. &c. 

The same operations apply to other numbers and deci- 
mals. 

Examples. 

Ux. 1. Multiply 334 by 101* and also by 1 01 . 



234 

lor 


234 

1*01 


234 
2340 


234 
2340 


23634 


23*634 




OTHSBWISE, 




23*4 once 
'234 one-hundredth part 




23634 




2340' 100 times 
234 once 



23634 

It is easily observed that the results are composed of the 
same figures, the positions of the decimal points being the 
only difference. 
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OB THUS, 






00 23 40 


23 40|00 


2340 






2340 



33 63 40 23 63 40 

19. The poaition of the decimal point is readily found, for 
23 4 and 1 01 involve three decimals, then the result will 
be 23634; '234 X '101 =-023634; 2*34X1 01 = 2-3634; and 
BO on. 

Hx, 2. Multiply 12*34 by I'l twice in succession, the 
result by 1*01 three times in succession, and the last result 
by 1*001 four times in succession. Also multiply 1234* by 
11* twice; 101* three times; and 1001* four times in suc- 
cession continually. 

1234 once ] J.J 

123 4 one-tenth ) 

13574 
1 35"4 

14*9314 once 7 

• 1 493 1 4 one-hundredth j 

15080714 

•15080714 

I523I52II4 

•1523152114 



153838363514 once ■) 

•0153838363514 one-thousandth ) 



001 



153992201877514 
•0153992201877514 

15^4146194079391514 
•0154146194079391514 

154300340273470905514 
•0154300340273470905514 

154454640613744376419514 
Second Paet of the Exa.mple. 



J J. C once 
t ten times 



101 • y^°^ 

\ one hundred times 



1234 
1234 

13574 
1357-4 

149314 
149314' 

l5o%o^*^^ 



•1°; 
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150807-14 
150807 14.- 



onoe 153838363514 

, 000 times 1538383635140- 



i5399-i^"»877^"4 
153992101877540^ 

I641461940793915H 
1541461940793915 1 40- 
343003408734709055 I* 
1543003403734709055UO- 
1 544546406 1 37443764 1 95* 1 4 
B, raault composed of the same figures ai the former, thi 
poBitions of the decimal point being the only difference. 

Ex.3. Multiply 47-35 by 9 four consecutive times; -gt 
three ; and 999 twice coiitinuully together. And also fiiK 
tbe value of 

47*35 X9X9X9X9X99X99X99X999X 999. 
From 4735 once) 
Take 4735 ^ i ^ 
49615 
4-3615 

383535 

3'a3535 



Take -31066335 rU i ^ 
30-75566175 
•3075566175 

30'448i05 325 
30448 051325 
From 30143624081175 once ) .^„„ 

Take -030143624081175 .ruW) ^^^ 
30-1 13480457093635 

30113480457093805 
300838669:0636731175 
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SECom) Fabt or the Example. 

473 5 10 times 
47*35 on^e 

47*35 X 9' = 49615 10 times 
. 426- 15 once 

47 35 X 9* X 9 = 383535 10 times 

3835*35 oDce 

47 35X9'X9X9- = 345i8 15 

do. Hence the figures compoHing the result stand as in 
the former case, but; the decimal point assumes a different 
position. 

Ex. 5. Find the value of -9 x '9 x 99 x 99 x 99 x lor x 

ll'X IIX 11*X2*X 11 X I'l X 101 X 101 X 101 X 1 01 

101* 
101 



1111- 
1111 

12221 
12221 

134431* = lOl'X ll'X II'X 11- 

1344'^! 

1478741 
14787-41 

162661-51 11 X I'l 

16266151 

164288 1251 
1642 881251 

165931006351 
165931006351 

167590-31641451 
16759031641451 

169266-2195786551 101 X l-Ol X 1*01 X lO'l 

1692662195786551 
152339-597^2078959 
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153339 59762078959 

I52H3 959762 078959 
137105 6378^87 1063 1 -gx-Q 

137105637858710631 

1 357 3458 1 480 1 2 352469 
1357 3458148012352469 

1343772356653222894431 
1343 772356653222894431 

133032 463208669066548669= 

(•9)«(*99y(ioiy(ii)'C2)Xi'i)'(i 01)*, the signification 
of the indices a, 3, 1, 3, 1, 2, 4, will be explained pre- 
sently. 

Ex, 6, Beduce the vulgar fraction — — to a decimaL 

° 100001 

100001 ) 1000000 ( '99999 
900009 

999910 
900009 



999010 
900009 



990010 
900009 

1 Eemainder. 

,, ^ _ 100000000 ^ J . , 

J2x. 7. Beduce to a decimal. 

' 100000001 

Ans, '99999999 and 1 Bemainder. 

Involution. 

21. When a number is multiplied by itself the product is 
termed the square of that number, or its second power ; the 
square of a number multiplied by itself is termed its cube, 
or third power ; the cube of a number multiplied by itself 
is termed the fourth power, and so on. This process of mid- 
iiplying a number a certain number of times into itself is 
called Involution, or raising of powers. The number con- 
tinually multiplied by is called the Boot^ and the products 
' the Fowers. If 2 be takeu a^ a Yoot, t)^e\i 
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9 = 2 = 

I + 1 the first power of 9 ; 

ax 2=4= 
1 + 3+1 the and power, or squaro of 2 ; 

2X2X2=8= 

1 + 3 + 3 + 1 the 3rd power, or cube of 2 ; 

2x2x2x2=16= 
1+4+6+4+1 the 4th power; 

2x2x2x2x2=32= 
1+5+10+10+5+1 the 5th power; 

2X2X2X2X2X 2=64= 

1 + 6+15+20+15+6+1 the 6th power; 

2x2x2x2x2x2x2=128= 

1+7 + 21+35 + 35 + 21 + 7+1 the 7th power: 

2X2X2X2X2X2X2X 2 = 256= 

1 + 8+28+56+70+56+28 + 8+1 the 8th power; 

2x2x2x2x2x2x2x2x2=512= 
1 + 9+^+84+126+126+84+36+9+1 the 9th. 



_ 22, In dual arithmetic these numbers are of para- 
mount importance^ they are termed operative ntmbers.^S^ 

These results are readily found with the small number 2 ; 
but to raise any large number, as 235*78, to a high power 
involves much calculation and uncertainty by common arith- 
metic. 





1 + 1 Mult. 
1 + 1 by 


=2; 




1 + 1 
1 + 1 • 




Mult. 
by 


1 + 2 + 1 squ. 

1 + 1 

1+2 + 1 
+1+2+1 


=4; 


Mnlt. 
by 


1 + 3+3+1 cube, 
i + i 


-8; 




1+3+3+1 

+1+3+3+1 
1-1-44.6+4+1 fourth power=i6\ 
<fec. 
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By decimftls. 


Unit. 


I+-1 




11 




by 


l+'l 
1 + -I 
+ -1+-01 




■121 


=Sad. 


Hnlt. 


I + -9+01 




1-331 


=3rd. 


b. 


l + 'l 




■1331 






i+-a+oi 




1-4641 


=4tl.. 




+ -1+-09 + 


001 


•14641 





MuU. i + '3-|-'03+ooi 
by 1+1 



Malt. 1 + -4+-06+ 004+0001 

by 1+^1 

1 + -4+ o6+'004+ 0001 
+ ■ 1 + 04 + -006 + 0004 + -ooooi 

i+'5+ 1 + 01 f 0005 + 00001 

&c. 

These opemtions are given at great length, but when the 

numberai + i; I + 3 + 1; 1 + 3+3 + 3, Ac, are kcowii, any 

Slower of (ii)i (101); (1001), iSh^, may be immediately 
bund, aa the succeeding examples will show. 

Mk. I. Find the 8th power of I'l. The operative num- 
bers in this case are 1 ; 6 ; 38 , 56 ; 70 ; &c. (See page 19.) 
/0/6/ 



2143588 8i=:Cii)' 
The nurabera 28 ; 56, &c., are set down diagonally. 
Sx. 2. Hequired the 1 ith power of I'l. 
The requisite numbera are taken from the following table. 
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33. The following table, Teferred to In llie last example, 
19 easily formed and will be found usefal. 



'. 


". 


. 


1 


. 


. 


' 


- 


> 


. 


■ 


■ 


■r 


°. 


Sj 


3 


4 


& 


6 


7 


8 


g 


.0 








r. 


^ 


« 


10 


>6 


^i 


3fl 


36 


45 


S5 


66 










,0 


>a 


36 


56 


=4 


.If, 


.65 


„. 






-^ 




'5 


35 


1" 


lae 


1,. 


330 


495 








., 


56 


116 


■it* 


46. 


79" 




FiU the horiion- 






.8 


B. 


... 


46a 


9^4 




AB, and the vertical 






3« 


,■„ 


330 


TQ^ 




the other numbers are found 






46 


165 


« 




nomber to that in the nest square 




10 


55 


... 




direction. Thus 1 intlieBquareD,+ i 




u 


66 




in E=2, in G; 1 io F + 3 la G=3, 111 

H, and bo on. aio4-afla=462. 




„ 




This table may be enlarged at pleasure. 







11, 101, 1001, &c., or of If, 101-, 1001-, Ac, 

are found on the diairoaal lines. Tliua (I'l)" may- 
be found as follovrs :- 



(ri)" = 3 ■ » 



843 



3 7 



7 9 



Math^naticiaiiB hnve fonnd it convenient to represent 
any number, as i-i, raised to any power, as 19, thus, 
(11)"; this notation will be fully explained presently. 

Ex. 3. Pind the 3rd power of 1 00I. 

Am. 1003003001. 

Ex. 4. Find the 7th power 101. 
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24. For the sake of brevity tbe power is expressed by a 
small figure written a little above tbe root* Tnus, 8^ is the 
notation employed to denote 8x8x8x8 = 4096. 4 in 
tbis case is called tbe index or eaponentf 8 tbe root, and 4og6 
the poiffer, 

l^g^ It sbould be observed tbat conventional arrange- 
ments may indicate processes precisely, and vet render but 
little or no assistance to an operator trying to obtain 
results. Tbis is a grave objection wbicb applies to many of 
our modem mathematical researches and formulsB. 

Whfin two or more powers of the same number are mtibi- 
plied together^ the index of the product is the sum of ike 
indices of the factors to be multiplied. 

Examples. 

Sx.i. 7"X7'=7*, for 

(7x7x7x7x7) X (7x7x7)= 

7X7X7X7X7X7X7X 7=7^ 

or 5 + 3=8. 

Ux, 2. 2X2X2X3X2 = 2'X2^=2', Or 5 + 1=6. 

Ux.^. 6'x6»x6=6«. 

6 is counted 6\ since unity is supposed to be the index 
when none is expressed. 

When one power is divided by another of the same num- 
ber, the index of the quotient is found by subtracting the 
index of tbe divisor from that of the dividend. 

Thus qh ' q4_ 9X9X9X9X9X9X9X9X9X9X9 __ y 
^ '^ 9x9x9x9 

(22)' r ^± If 22x22x22x22x22 

^^ — ^ = (22)* for = 22X22X22X29. 

22 ^ ^ ' 22 

It is readily shown tbat when the index is reduced to 
zero the re8ult=i. Thus 

1=^=3°, the same may be said of 

9°; 10°; 11°, &c., in continuing the proposed system of 

c« 1 
notation, and further 5«-t-58=5-'=-^=-j. Hence 

5 5 

^ may be written 5-' 
5 

-y may be written 3"'' 
3 

and so on. 
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It is easily obaerved, tbat to repreaent a power raised to 
another power, the index of the given power must be multi- 
plied hj the index of the required one. For 6* raised to the 
fourth power may be represented by 6" ; as 
6' X 6» X 6> X 6*= 6'«+*+'=6'», 

In the same way 3* raised to the 5th power may be re- 
presented be 3"*'=3"'. The same rule may be applied in 
other csaes. 
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Evolution is the reverse of Involution, its object beinjr 
to extract or find the roots of given povrers. Thus, the 
second or square root of 49 is T, becsuse 7 x 7=49 ; the 
fifthroot of 7776 is 6, because 6x6x6 X 6x6=7776. 

The few roots that can be found exactly are called rational 
roott. Although the roots of many numbers cannot be 
found exactly, Dual Arithmetic shows how to find them by 
a direct and simple calculation to as great a degree of 
accuracy as we please. Boots which cannot be found 
exactly are termed irrationdl root* or lurdi. The square 
root of S is a surd, since no number multiplied by itself 
wiil exactly produce a ; the square root of 8i is rational, it 
being exactly equal 9. There are many plans given to 
express roots without any prescribed method of penorming 
the operations indicated. Boots are often denoted by 
placing the mark (■/ ) before the power, with the index of 
the root prefixed. In this way the fifth root of 9 is ex- 
pressed by -^T, and the square root of 8 by v 8, in de- 
noting the square root by this devise the index a is gene- 
rally omitted. Boots are often indicated like ^'«e,t%, \>>:& 
with fractions ad indices; thus, the eqaaie too^ ol 'W '"v^ 
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written ii^ ; the cube root of 5 is written 5^ ; the 5ih root 
of 9 18 written ai , &c. There is an analogy in this ezten- 
•ion. For, if any number, 8', be raised to the 3rd power, 

then 8«x»=8«. 

Therefore converselj, the third root of 8* is 8', obtaiaed 
by dividing 6 by 8. 

Hence 6 may be considered as the index of the power, 
and 3 tliat of the root, and 81 may be either the sixth 
power of the cube root of 8, or the cube root of the 6th 
power of 8, since the third root of8x8x8x8x8x 8=8*; 
and the 6th power of ys, or 

ys X ys X y8 X y8 X y8 X ^8=8 x 8=8«. 

Ifence, when the indices are integers in the form of 
fractions, the denominator signifies the index of the root, 
and tho numerator the index of the power. When a num- 
ber has a fractional index, the numerator shows the power 
to which the number has to be raised, and the denominator 
the root to be extracted. Thus, 

7}= yY\ for 

Vfx Vfx y7«=7«= 78+1+1. 

Now, an even root of a negative number cannot be ex- 
tracted, but an odd root can. Thlis, the cube root of —64, 
or (—64)*=— 4, for 

(-4)x(-4)x(-4) = ~64. 
The square root of —64 written (—64)* is not=+8, 
nor is it equal —8, for ( + 8) x (4-8)= +64; and also 
(— 8)x (— 8) = -|-64. Although the square root of —64 
cannot be taken, yet t'tA^^ root can be extracted of a 
negative number, because 100001 is odd, and -j^ftftft^ very 
nearly=i. By dual arithmetic the value of (— 64)^^o'r ig 
readily found without the use of tables. The values of 
(--3)«28§§8?, of (-i)«g8888§?, &c., may be found also, so we 
may approach an even root of a negative number ; now for 
the first time thus indicated. 

Examples toe Phactice. 

1. Find the value of (— i)i'o'V. jim, -f i, /y 

Por (-!)«>= + 1 and (4-i)TSr=-hi ^) 

or (— i)T5r= — 1 and (— i)~= + i 

2. Pind tho value of (— i)^*6W. jing, — i. 

Tor (-i)«»=-i and (-iy~^=-i. 

3. rind the value of (— i)t'uVt. ^^. ..1, 
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CHAPTEE I. 

BSFIFITIONS, SIGNS, ANB NOTATIOK. 

It is not presumed that the student will understand the 

Erocesses indicated in this chapter, or remember the sjm- 
ols of operation, until he can perform the operations indi- 
cated and has acquired some practical experience. 

25. Dual Arithmetic is a new art of numoeuvering num' 
hers and investigating the relations of quantities with ease 
and accuracy, with or without the use of tables. 

26. The term Dual is employed because the art has two 
brjonches, the basis of each branch being composed of two 
parts, tLud because the digits of a dual number may be sub- 
jected to a variety of changes in magnitude and position, 
while at the same time remaining equal in value to two 
unchangeable extremes, namely, a natural number aud a 
logarithm to a known base. 

37. Since the digits of a dual number are susceptible of a 
vast variety of changes without altering its two ultimate 
values, dual numbers may be said to be changeable without 
being variable. 

28. In Dual Arithmetic the Arabic figures 1, a, 3, 4, 5, 6, 
7, 8, 9 and o are employed. 

(o) is called naught, zero, or a cipher, when alone, (o) 
represents the beginning of numbers positive and negative, 
and the beginning of things. 

Arabic figures and notation have not been known iu 
Europe more than 900 years, and but little used until after 
1600 A.D. Decimal arithmetic, as now taught in school h, 
is not more than 120 years in use. Leouturdo Bonacci, a 
merchant of Pisa, introduced the Arabian system of Digital 
Arithmetic into Italy, and wrote the first treatise, pub- 
lished in Europe, about the year 1228 a.d. 

A number lurger than anv that muy be nwsv'i^ \^ ^'i-* 

c 
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pressed by the symbol oo with the sign of plus, as +00 . 
A number smaller than any that may be named is expressed 
by combining the minus sign (— ) with the character 00 , 
as— 00, 

+ 00 , greater than any number that may be named. 

— cx> , less than any number that may be named. 

+ 00 is sometimes read pltts infinity; and —00, minus 
infinity. 

Numbers in the dual system of arithmetic are expressed 
by the continued product of the powers of one or more of 
the following: bases which are seldom introduced into the 
figurate operations of the art. 

Babes or the Ascending Bbai^ch. 

29. The bases of this branch of the art can be expressed 
as follows : — 

+ 00 (10000+1) ; (1000+1); (100+1); (10 + 1); 

1^ + 0; (t6-+0; (xio + i); (t^+i); i; 

more conveniently written thus, 
+ 00 .... 10001 ; 1001 ; 101 ; 11 ; 2; 11 ; I'Ol ; 1001 ; 

.... 1 the limit, 
increasing in magnitude from right to left. 

These bases are less and less as they approach 1, but 
cannot be less than 1. 

Bases of the Descei^dino Bbangh. 

30. These bases may be expressed thus, 

— (00) .... (1 — 1000); (1 — 100); (1 — 10); (1 — l); 

but more concisely written, 

-oo — -999; -799; -9; o; '9; '99; '999; 1, 

decreasing in magnitude from right to left. 
This scale of bases approaches 1, but cannot be greater 
than 1. 

Bases of Gommoi? anb Decimal Abithmetic. 

31. In this work the numbers of common and decimal 
arithmetic are sometimes termed ordinary, common, or 
natural numbers. 

+ 00 .... 1000*; 100*; 10*; 1'; *1 ; '01 ; '001 ; O, 

approaching o, but cannot be equal to or less than o, or 
zero. 

Some examples will make clear anything that may seem 
too abstract in the preceding generalities. 
The diameter of the earth through the polea i« eaid to be 
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equal 7898*8809 statute miles, of 5280 feet each ; therefore 
the diameter =41 706091 '152 feet, which, according to 
usage, is a contracted method of expressing 

4(10000000-) -f i(ioooooo-) 4- 7(100000) + 6(1000) + 

9(ioO + H-i^+T^+T^^; 

which, according to the method agreed upon to express 
powers, becomes 

4(10)7+ (io)«+ 7(10)5+ 6(10)3+ 9(10)1+ I ^ ^io)-i + 

5(io)-2+2(io)-3. 

In common arithmetic 4, 1,7, &c. are termed digits, and 
do I'Ot exceed 9. 

32. In dual arithmetic the powers of the dual hoses are 
only registered. Thus 41706091*152 is equal to 

(•99999)^ C999999)* (-9999999)^ ('99999999)® (i + 0^ 

(101)* (1001)2, 

when multiplied by lo^. The bases being omitted, this 
dual number is written 

41706091*152 

II 
*o'o'o'o' i'3'3'6 f 10^2^ ^ 0,4,2,0,0,0,0,0, (A). 

107224,0,4.1,9,8,6,9,6, (B). 

'8'3'iV6'8'i'otio8 (C). 

Vo'r5'7'o'8'4 f io7 ^ 15,0,0,0,0,0 0,0, (D). 

The student is not expected to know how these dual 
numbers are obtained until he understands the methods of 
reduction explained and exemplified in Chapters II., III., 
and IV. 

Beferring to the extended form (A), '3; 4, 2, &c., are 
called dual digits, and express the powers of the bases 
involved, and, unlike the digits of ordinary arithmetic, 
may be greater or less than 9. The zero between ^ and 
the first 4, in (A) shows that no power of i*i is em- 
ployed, while the ciphers after 2 show that the baae^ 
1-0001 ; I'ooooi, Ac, are not involved, TVi© ^o^\\AQi^ <^^ 

c2 
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a dual digit before, between, or after the signs t > points out 
its value. These arrangements will be discussed hereafter. 

p 

P 

A small figure placed at p designates the position occu- 
pied by a dual digit, and sometimes points out the leading 
position occupied by the first of more dual dig^its than one. 

m expresses lo"* 
m „ 10*" 



n „ a** 

1 

5 „ F 



p 

T 



^. ^^ The comma (,) is employed in the operations 
of dual arithmetic, while the period (.) is retained to sepa- 
rate whole numbers from decimal fractions. This part of 
the general notation should be remembered, (17), page 12. 

Articles are referred to thus (17), refers to article 17. 

34. A dual number of positive dual digits has always an 
exact value in common numbers when no contractions are 
employed in the reduction. 

When eight positions to the right and eight to the left 
of the signs t >, counting from left to right in both cases, 
are occupied by ciphers or other digits, the sign i being 
placed before toe eight ascending digits and t after the eight 
descending ; yet with respect to range, the dual number is 
said to be one of eight digits, although sixteen positions, and 
other positions between the signs t and i, may be occupied. 

If one of the signs t or i is omitted, the positions attached 
to the other are supposed to be occupied by ciphers. 

35. 1^^ When the last dual digit and all that follow 
are rejected, and when the last digit is 5, 6, 7, 8, or 9, the 
digit preceding may be counted one more, as in decimal 
arithmetic, (6). 

36. For most practical purposes common arithmetical 
results are required true, to not more than seven places of 
figures. To obtain this degree of accuracy, eight consecu-^ 
tive dual digits must be employed. In making calculations 
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the allowances specified (6), (35), must be attended to. A 
little additional calculation will secure results true to 8. 9. 
10. . . • places of figures. Common logarithms to seven 
places of decimals do not secure as great a degree of accu- 
racy, and cannot be independently tested and extended. 

37. Nine dual digits give residts true to eight places of 
figures. 

Ten dual digits give results true to nine places of figures. 

Eleven dual digits give results true to ten places of figures. 

And so on. 

Besults obtained by the use of tables of seven-place loga- 
rithms cannot be true to seven places of decimals, but may 
be true to six places of figures, counting whole numbers 
and decimals ; this fact is seldom stated. 

38. A dual number is easily transformed into another, 
all of whose digits being reduced to ciphers, except the last. 
The transformation of a dual number of eight digits into 
another, woose first seven digits are ciphers, is termed re- 
ducing a dual number to the eighth position, A dual number 
reduced to the eighth position is called a dual logarithm. 

2=4, 7,2,6,0,7,8,2,6,=^, 0,0,0,0,0,0,0,69314718, 

=^69314718, 

In practice the 8 is omitted, and the expression is writ* 
ten 

2-=4. 69314718, which represents (1 0000000 1)^^*^. 

Then 69314718, is termed the dual logarithm of 2* 
written 

^,(20=69314718, 

The dual logarithm of 41706091*152 is equal to the whole 
number 1754615775, or 

i, (41706091152)= 1754615775, 

The dual logarithms of common numbers are easily 
found, as well as the common numbers corresponding to 
dual logarithms, without the use of tables. 

NOTATIOK. ASCBNDINO BbA.I9^GH. 

39. The notation, although new, is easily remembered 
from its symmetry, compactness, and uniformity. 

1 is represented by 4- 
OiTE Decimal. First Positiob. 



11 
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» 


>'l, 


(ri)2 


» 


» 


v2. 


(1-1)3 


» 


55 


U> 


*fec. 




&c. 
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Two DsoiMALB. Secoitd Positiok. 

(i oi) is represented bj io, t, or 
(roi)2 „ „ io, a, or 
(roi)3 „ „ 4^0, 3, or 
&c. &c, 

Thbie DEOiiiiXS. Thibd PosiTioir. 

(looi) is represented by Ao, o, i, or 
(1001)2 „ „ jo, o, a, or 
(iooi)» „ „ 4,0, 0,3, or 




is 
99 



99 
99 



l5, h 
4 7, 2, 
1 3, 49 5» 



(ii)*(ioi) is represented by 
(ri)7(ioi)2 

(ll)3(l-0l)4(l'00l)* 

(iooi)^(iocooi)2(i 00000001)8 is expressed by 

i 0,0,6,0,2,0,0,8, 

i 0,0, in tbe first and second positions, indicates that no 
power of (i*i) or of (i*oi)is involved. The cipher in the 
fourth position indicates that no power of 10001 is in** 
volved ; the same may be said of other positions. 

(1 + 1) is represented by (a)X or A» 
(1 + 1)^ » „ (4)iorv- 

(i + i)-' » » (8)4. or V* 

(1 + 1)-' „ „ (i)>I.or4^f 



&c. 



<&c. 



1 


38 / 


1 


V 


2 
2 


/ 


56 / 


3 


<i/ 


4 
5 


/ 


1 2 / 


6 


1/ 


8 


/ 



7 th power of 2 


4fch „ 


„ 2 


ist „ 


n 2 


8th „ 


„ a 


5fch „ 


91 2 


and „ 


99 2 


9th „ 


99 2 


6th „ 


99 2 


3rd „ 


99 2 



When decimal points ^re introduced, the numbers 1*28 ; 
1*6; a*, 2*56; &c. range in order between i and 10. 

The continued product (i*i)*(ioi)2(i-ooi)*(ii-)(ioi)2 
may be written 3,1,^3,3.5, no power of 1+1=2 being 
employed. 



(101)» 


J> 


(101)2 


&c. 
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Because (ii)(ioi)2=(io)(ioo)2(i-i)(i-oi)2 

.-. 2,1, ^ 3,2,5,= (10) ^ 4,4,5,= *>!' 4;4,5, 

Hence the dual digits to the left of ^ can always be 

transferred to the right of ^, 

s 
X 0,0,6,0,2,0,0,5, may be written ^ 6,0,2,0,0,5, or thus, 

3 5 8 

^ 6,4, 2, 4, 5, 

Again, 

(11) is represented by 1, 

(ii)« « « 2, 

(11)* « « 3, 

&c. &c. 

(101) is represented by 1,0, J, or 1, ^ 

„ 2,0, >^ or 2, 4, 

» 3,0, ^ or 3, >^ 

&c. 

(1001)^ is expressed by 6,0,0,4, or 6, ^ 
(i + i)3(ii-)4(ioi-)^=3,4,(8)>^ which is reduced to 
(2)'(io)^®>^4,3, or ><4»4,3, without mental labour. See Ee- 
duction of Dual Arithmetic. 

Notation. Descendog Bbanch. 

40. In this branch the arrow points up, and the comma 
is to the left of the digit and ahovey while in the ascending 
branch the arrow points down, aad the comma is to the 
right of the digit and helow. 

I is represented by ^ 
One decimal ('9) „ „ '1 '^ in the first position. 

99 » V yy » n ^ „ >, 99 

» >r V 9J ,> » 3 y ,? jy j> 

&c. &c. 

Two Decimals. Second Posittob". 

(•99) is represented by 'o'l f or *i jf 

099)' „ n V2'^0P'2,f 

C99)* „ „ 'o'3for'3»t 

(•99)' „ „ 'o'4tor'4 8t 

&C. &c, 

Thbee Decimals. Thied Position. 

(*999) is represented by 'o'o'i j^ or '1 j'j 
C999)' » „ 'oV2'^o^'2,{ 

0999)* yr » 'o'o'3^or'-i^ 

&c. &c. 
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41. fip^ In both branches, if there be n decimals in any 
base, its powers or dual digits are placed in the nth posi- 
tion. «^9 

( 9)'('99)' is written *3'2 f 
(•9)'(-99)' „ '7'5t 
(•999)'C999999)'('99999999)* is written 'o'o'3'o'o'2'o'6f 
43. A cipher being in the first and also in the second 
position, shows that no power of '9 or '99 is employed ; the 
same may be said of other positions occupied by ciphers. 
'oVaVo'a Ve f may be written '3 Vo'aVG jf = 

43. In the descending branch, except in analytical in- 
quiries, the base (1— i)=o is omitted. The introduction 
of a dual digit with this base would cause the wliole dual 
number, with which it is united, to vanish. 

44. Again, (9*) is represented bv f 1 

(9.y „ „ t'2 

(90' „ „ t'3 
&c. &c. 

(99O is represented by f *o'i or ^, '1 

(990* 7, » tVaor'S'a 

(99)' „ „ t'o'3orfj'3 

C9)'C99)'C999)*'(9)(990' is written '3'2'5f 'Ta. 
and may be put under the form '4'4'5 f (io)'='4'4'5 f« 

The bases 9* 99* 999* &c. are seldom introduced, unless 
when the descending dual branch is employed apart from the 
ascending branch. These bases are not included in the general 
scales of bases. Thereductionof *3'2'5f' 1*2 to '4'4'5t(io)' 
is similar to that established for the ascending branch. 

Por (i-i)'(i-oi)"(iooiy (11) (101)' = 2,1,4^2,5, = 

44,4,5,= (io)»>I.4,4,5, (39). 

45. Dual digits may be vastly greater than 9 ; for ex- 
ample : — 

(io)*'(2)'('99999999)'''*^^^(i*oooooooi)^®'*^ 

is expressed thus, '57893262 sKio)'' (2)^ ^^ 87654321, 

8 

or thus, '57893262 sh 87654321, 

the power of (10) being marked to the left, and the power 
of (2) to the right at the middle of the double arrOF* 
The positions are indicated above to the right and below to 
the lefb. 
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46. Any ordinary number may be expressed by a dual 
number, each of wbose digits is not greater than 9, by 
employing but one branch. But by a skilful use of both 
branches of the art combined, any common or natural num- 
ber may be represented by dual digits not greater than 5. 
For example 1*03 is equal 

'o'o'o'3'o'2'2Vo'2'5'7'9'5 i 0,3,0,0,1,0,5,5,= 1-03 

II 

a 

3 03='3'o'2'2'o'o'2'5'7'9'5 1 3 o,o,iA5:5, 

'11 



3 

4 6 10 



»3 ^ '2'2 f '2'5'7'9'5 t 4. 3, >Ir ij >Ir 5.5,= 1 03 



The digits 7 and 9 of this example, in the 12 th and 13th 
positions, on the descending side, are not reduced below 6, 
as it was more convenient to have them greater. 

47. In the descending branch, as in the ascending, a dual 
number reduced to the eighth position is also called a dual 
logarithm, and must be considered negative, if the descend" 
ing dual logarithm is taken positive, and vice versd. 

It will be shown hereafter, that 

'10536052 f ='if 

8 

*1005034 f ='o'i f 

8 

'100050 f =Vo'i f 

8 

'10000 f ='o'oVi f 

8 

&c. &c. 

Then '2'3'4'5'6'7'8'9 f ='24544195 1 

8 

For twice 'i0536o52='2io72i04 

3 times '1005034= 3015102 

4 times '100050= 400200 

And 56789 

'24544195 1 

8 

The 8 designating the position is omitted in practice (38). 
Again, 

•765432no='3'o'i t o,5,o,o,i,5,fe,^, 

c 3 
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8 

It 18 reidfly ahown that ^ 0,5,0,0,1,5,6,3,= ^ 4976728, 

and that 'a'o'i f ='31708206 f 

Then, -7654321 i=:*3i7o82o6 i 4976728, 

•31708206 
4976728 , 

'26731478 

Therefore, the dual logarithm of the decimal 
•76543211 is '27631478 written Jf, (76543211) ='26731478 
and /. -7654321 1 ='26731478 f (38). 

8 

These reductions are introduced to exemplify the nota- 
tion ; how to make them will be shown hereafter. 
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nTTAL ABITHMETIOAIi BEDTJOTIOirS. 

48. Hebe it may be necessary to observe that hitherto 
we have not entered upon dual developments, or established 
any of the leading principles of dual arithmetic, nor per- 
formed any practical operations with this art, but merely 
defined terms, described symbols of operation, sketched the 
general notation, and introduced such auxiliary matter as 
might tend to render what follows easily intelligible to 
those but slightly acquainted with decimal arithme^c. 

TO BEDTJCE DUAL TO COMMON NTJMBXBS 
WITHOUT THE TTSB OF TABLES. 

49. The operative numbers, or coefficients, tabulated (23), 
may be determined by different operations, some of which 
are explained at the end of the work. These numbers, of 
so much importance in dual arithmetic, may be quickly de- 
termined, and at the same time arranged in a triangular 
form ; for let units be placed in cells on the sides AB, AO, 
then the remaining cells of each succeeding vertical row 
between the dotted lines from A to CB are filled by con* 
tinually adding each number to the one immediately follow- 
ing it on its right, between any two dotted lines, to obtam 
the next vertical row in succession, registering the results 
m the cells not occupied by ttnits, begmning at A. 
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( 








For difit 1 


1 






1. or '1 in any position. 




For digit 2 






. 




, or 'a in any position. 




For digit S 






3 


1 




3, or '3 in any poaJHo 


n. 


kc 




4 


6 


1 


■ 




&e. 






. 


5 


,0 


10 


= 


1 










. 




t5 


20 


15 


6 


i 










> 




„, 


36 


3. 


21 


7 


1 








. 




^8 


56 


70 


£6 


%B 


8 


1 




C 


' 




38 


94 


196 


126 


84 


SB 


9 


1^ 



TheBe numbers, generally termed binomial coefGcienta, are 
employed to find the powers of the bases -9 ; '99 ; '999 ; &c., 
&B well as the powers of the bases I'l ; I'Oi ; looi ; &c. 

But it must be observed that the numbers in the second, 
fourth, sixth, &c. perpendicular columns are to be con- 
sidered negative and subtracted in the descending branch. 
(»9), (20), taa). 

Fboblem I. 

50. Tojlaithe ordinary nutnher answering to a nngle digit 

of either branch in any position. 



EutE. 

The coefficients for the giren digit are set down with no 
ciphers between them for the first position, one cipher for 
digits in the second position, and so on. When the coefG- 
cienta consist of two or more figures, these figures must be 
arranged diagonally from right to left, faUing into hori- 
lootal and vertical rows, the units on the first horizontal 
row, and then the whole summed with proper regard, to os^ 
tirs numbers, if for digits of the d^cen&iTig WEka<^. 
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Examples. 
Ex, 1. Set down the common number answering to ^9, 



^9,= 




2-3 5 7 9 4 7 6 91 



Ex. 2. Set down the common number answering to ^ 12, 
and also to \ 0,5, and ^ 0,0,7, 




\ 12,= 3 •! 3842837672 1 



1-05 



^ 0,5,= 




105 I o 1 o o 501 



^0,0,7,= 



i'007oo 




007001 



100702 1 03 5 02 1 007001 



These results may also be found by a series of continual 
additions, (18), (19), (20). 



AiTOTHBB Method. 

Ex. 3. Pind the ordinary numbers that Jf 3,; 4^ 12,; ^ o.^ 
and >[f 0,0,7, represent, true to eight places of decimals. 
4f 3}= 1*33100000 has merely to be set down. 
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^^ 51. Such esBTn pies aa this are Beldom required in 
practice ; it is introduced to illastrate a principle. 

The operating multipliera, or coefficients, are in a column 
to the right, each on the line it produces. The first hori- 
zontal row A ia composed of a unit and eight ciphers deter- 
mined hj the range of accural required ; this row is then 
divided into perioda t^m-nglefiguret, because J, la, is in the 
first position; it must be divided vsiXa period* of two figures 
each when the dual digit is in the second positioa ; into 
periodi of three fiaurei each when the dual digit is ia the 
third poaition, and so on from left to right, neglecting 
ciphers if there be any to the left of A. 

The horizontal row B is found hy multiplring A b^ 13 
beginning at B ; the horizontal row C ia found by multiply- 
ing A by 66 beginning at C ; the horizontal row I> is found 
by multiplying A by 930 beginning at D, and eo on to K, 
(ni), (aa), (t8), (19), for which 1 is set down, since 66 is 
rejected. The sum agrees with that giren in Me. S, to the 
required degree of accuracy. 

E I D 



J-' 5. 



The last period is completed by affixmg & &<A. 
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D 


C 


B 


A 








1 O 





000 


A 


1 


I 




700 


000 


B 


7 


>t7. 




2 


100 


C 


21 






4 


D 


35 



^0,0,7, = 1-00702104 

D, in the first horizontal row A, contains no figures, yet 
in multiplying by 35 we have to carry 3*5 from C ; hence 
(6) 4 is set down &om multiplying the period D by 35. 

52. To reduce a single dual digit of the descendvng branch 

to an ordinary number. 

JEx, 4. Write down the common number answering to 

The coefficients are 1 ; 3 ; 3 ; i, evay second one being 
made negative, these numbers may be written 

1331' 
'3 'f = '729, the negative numbers being taken from 10. 
Hx. 5. Beduce '0*7 f or '7 ,f to a common number* 




'7 2t= -93206534790699 

52. The numbers 1 ; 7 ; 21 ; 35; 35; 21 ; 7; 1, with 
their signs changed as before directed (49), become 

i;-7; 2i;-35; 35;-2i; 7;-i. 

These numbers are set down diagonally from right to left, 
keeping the units on the upper line, placing single ciphers 
between them. No ciphers are introduced for the base *9 
or 9* ; one cipher for the base -99 or 99* ; two ciphers for 
the base -999 or 999*, and so on. 

Second Method bx commoit Subteaotiob". 
Vi f = '99 



99 



>i-.» 



0*2 f= 

o'3f= 



»/\» 



•9801 
9801 

•970299 
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•o'3t= 


■97M99 
970299 


■o'4t= 
'0-5 1= 


•96059601 
96059601 

■9509900499 
9509900499 


'o'6t= 


■941480149401 
941480149401 


'0*7 1= 


•93206534790699 


Tbe resalt before obtaioed. In this way, by simple sub- 
tpflctione, Table n. may be coDStructed, filled up, and 
extended. 


Bt thb 


PHrBn JUJETHOD, 


to eigbt places of decimals 





PoHJtiva 

Negative 

'o'7t= 



0021003 



5 From 
oTake 



93906535 



Hx. 6. deduce 'ii f to a commoa number. 
The operative nnmbera for 1 1, being 
1; 11; 55; 165 J 330 ; 462; 462; 330 ; 165; 55; 
the work will stand thus, 




'11 1= 



3 8 



960 



EZASIPLXS FOB FbAOTICB. 

Ex. 8. Bednce 'o'o'7 ^ to an ordinary number. 

Ann. -993020965034979006999. 
Mt. 9. Seduce 'if; '9+; '3f ; \\; '5-^; '6^1 't^-, 
'8'f ; '9^ to ordinaiy numDers, and coi&^bxq *^e i««^'» 



40 SVAS, ABrrBMxno. 

vitb those giren in Table H., and aee if they agree to ugbt 
places of decimals. 

■diu.-g; -81; 729; -6561; -59049; ■53»44"; 
•4783969; ■4304679i;-3874«0489. 

PSOBLEM n. 

53. To find the common number answering to a doal 
number of two digits. 



Set down the ordinary number amvering to either of the 
ligitB found hy the last proble 
result for the other giren di^t. 



digits found hy the last problem, and operate apoQ the 
a din 



En. I. Seduce ^ 3,5, to a common number true to eight 
places of decimoia. 





E D 


C 


B A 




^3, = 


13 3' 







lA. 




6 6 


S 5 




5B 






3 3 


1 


loC 


Vs. 


■ 


3 3 1 


loD 




|7 


5B 



•398 



4 3 



5; 10; lo; 5; are multipliers easily opemted with ; be- 
giening at B, C, D, £, respectively of the first horizontal 
row, 7 ■ is set down for 60 found in multiplying by the 
last 5, beginning at E. 



^0,5, = 
J- 3;6. = 



OTSEBTTISB TROS: 

/o/o/ 



10 10 

53030 
15303 
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£7 common addition : 

1-1 
1-1 



4.1, 

4,2, 

y 3}3» 
>I'3,4, 



v3>5> 

•'• , v3>5> 
decimals. 



1-2 1 
1*21 

1*3 3 1 
i'33i 

1*3 4 431 
1- 34431 

13577531 

1-3577531 
1*3 7 1330631 

i'37i33o63i 

1-3 8 504393731 
1-38504393731 

1-3988943766831 

1*3 9 889438 true to eight places of 



(A) 

1 - 

5 - 
10 - 

10 - 

5- 
1 - 



By AirOTHEB MxTHon, 
to be explained at the end of the work. 
(B) 



3 
1 



1 
3 



3 
1 



1 
3 



3 
1 



1 

3 



3 
1 



1 
3 



3 
1 



1 
3 




3 



(C) 



>I^3,5,= i-3 98894376683 1(D) 

54. The multipliers (A) are combined in succession with 
the corresponding perpendicular rows of (B), thus producing 
the numbers of (C). Then (D) is found by addition. The 
first half of the numbers in (C) being found, the last half 
may be set down, since both halves are alike and symme- 
trical. The ultimate object of this chapter is to arrive at a 
simple, and at the same time a general, rule to convert ^ 
dual number of eight digits to a common uuTcAiex* 



* 
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i 



Ex, 2. 


Beduce ^ 7,5, 


to a common number. 




I y V 


^5/5/1/7 I 


>l7, 


AA/ 


4/2/ 




1 9 


4 


8 


7 1 


7 I 









9 


7 


4 3 


5 8 


5 5 


>^o,5, 




1 


9 4 


8 7 


I 7 






1 


9 4 


8 7 








9 7 



4,7,5, =:3-048l2 1256 

The complete value of ^7,5, is 2-0481212569072673, and 
can be determined by the dilferent methods jost explained 
and illustrated. 

Hx, 3. Eeduco ^ 0,0,0,0,6,8,0,0, ; J, 0,0,0,0,0,6,8,0, ; 
and \ o,o,o,OjO,o,6,8^ to common numbers. 



^°6, 


1 0000 ( 

1 


DOOO • I 

Sooo • 6 

• 15 


6 

^8, 


1 0000( 


) 000. • . 

800. . . 



1 
8 



4, 0,0,0,0,6,8,0,0, = I 00006 800 



55. The coefficients for \f 6, or 6, in any position being 
1 ; 6 ; 15 ; 20 ; 15 ; 6 ; 1 ; and those for 8, in any position 
being 1 ; 8 ; 28 ; 56 ; 70 ; 56 ; 28 ; 8 ; 1. See the tabulated 
form (23), (49). However, in the present example, but 1 ; 6; 
of the one, and 1 ; 8 ; of the other set of coefficients, are 
operated with to arrive at the required degree of accuracy. 
It is also easily perceived that 

i 0,0,0,0,0,6,8,0, = 1*00000680 
0,0,0,0,0,0,6,8, = 1-00000068 

Hence, with respect to the ascending branch, any dual 
number of four digits in the 5th, 6ch, 7th, and 8th positions 
is converted to a common number by writing the dual 
number as a common number, and for the sign ^ write l' 
A single example will suffice to make this intelligible. 

^0,0,0,0,8,7,6,5, = 100008765 
correct to eight places of decimals. 
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Ex. 4. Eeduce '0*5 T 3, to a common number. 



I 6 6 



o 

5 5 

3 3 
1 



o o 

o 

1 o 

3 3 



o •-^ I 

•- 5 

O •+ 10 

1 •— 10 

7 •+ 5 



'5«|3,= i • 



26576776 

Secokd Method, 
by codjfinon Addition and Subtraction* 



11 
11 

T21 
121 



>If3, = 1331 
1331 



131769 
131769 

13045131 

13 045131 

1291467969 
1291467969 

127855328931 
127855328931 

12657677564169 

V5I 3, = 1*26576776 true to eight places of decimals. 

56. Thied Method, 

to be explained at the end of the work. 

1 3 



+ 1 

— 5 
+ 10 

— 10 

+ 5 

— 1 



3 
1 



1 
3 



3 
1 



I 
3 



3 
1 



1 
3 



3 
1 



1 
3 



3 
I 



1 
3 



3 1 




V5|3,=i-a 657677564^^^ 
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The left half of (D) is Bjmmetrical with the right half 
with contrary signs. 

Ex, 5. Beduce '3*7 f to a natural or common number. 

The products by 7 ; 21 ; 35 ; &c. are very readily obtained, 
9 1 being 3 times 7, and 35 five times 7. 

First Methoi). 



3T = » 3 3 


1 


• 7 2 
5 
o'7t 


9 
1 

1 5 



o 

3 

3 
2 
























9 





5 


5 
2 


2 
6 



+ 1 

- 7 
+ 21 

- 35 

+ 35 



»«' 



3'7t =-67947564 

Second Method, 
by common Subtraction. 

'3 1 = *729 

729 

72171 
72171 

7144929 
7144929 

707347971 
707347971 

70027449129 
70027449129 

6932717463771 
6932717463771 

686339028913329 
686339028913329 

•'3'7t = -67947563862419571 

The complete value of the given dual number, hence the 
first result is correct to eight places of decimals. 
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Thibd Method. 



+ 1 

-3 

+ 3 
— I 



1 





7 


o 


ai 





35 


o 


35 





21 


7 





1 










•w 






























1 





7 





ai 





35 





35 





21 





7 





1 






1 


1 





7 





ai 





35 





35 





21 





7 





1 






1 





7 





21 





35 





35 





31 





7 





1 




'3'7t = -6794756386a4i957i 

Ex.6. Reduce 'oVo'o'8'3Vo f ; Vo'oVo'8'3'0 f and 
'o'o'o"o'o'o'8'3 f to a common number. 

Second Case. 

toooooooo... -1-1 
800... —8 



'8f 

6 


II II II 


•999992c 

r 




)0 +x 

|0 -3 


•8t'3t 

6 7 

'8t 

s 


•9999c 

Fib 
xoooo 


)i7 

tsT Case. 

0000 . + X 
8000. —8 


'3t 

6 


•999920 
3 


00 .... -f I 
00 . , , . —3 


•8|'3t 
» « 

'8t 

7 


•9999*7 

Thiei 
X 000000 


00 

> Case. 

00 +x 
80 -8 


'at 




•99999920 
3 


+ 1 
-3 



•99999917 

57. Hence, with respect to the descending branch, any 
dual number of four digits in the 5th, 6tb, 7tb, and 8th posi- 
tions is converted to a common by writing the arithmetical 
complement of the given dual number as of a common num- 
ber. A single example will make this matter intelligible. 

Example. 

"o'o'o'o'3'5'8'9 f =s the ordinary number '^^^^^^^ ^Jt>>» 
to eight places ofdecimala. 



4G SOAI. AKlTHlUnO. 

Il is also evident thftt a dual number ei pressed by eigl 
dual digits, four ascending and four descending, occupvii 
the 5th, 6th, 7th, and 8th paMtions in each branch, ia r 
duoed to a common number by merely taking the du 
digits of one branch from those of the other as if commr 
1. umbers. 

'o'o'o'o'6'7'8'9 J 0,0,0,0,8 y,2,3,= 1 -0000a 134 

For, 8923 
6789 

a>34 
■99997866='o'o'o'o'8'9'2'3 1 0,0,0,0,6,7,8,9, 
For, from 8933 
take 6789 



Fboof; First EEDtrcTlOir. 
1 0,0,0,0,8,9,2,3,= I oooojSgas from 
• "'t [6000 —6 
700 -7 



6789 take 



'6y8-9|8,9, 


,3,= .o.o„.,34 


Skoond 


Eedttction. 


f 0,0,0,0.6 7,8,9, 


= 100006789 from 
• --tlSooo -8 




900 -9 


'8'9'»'3| 6,7,8,9 


3 -3 

8923 take 


=■99997866 
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Problem. 

AjBcending Branch. 

58. To reduce to a common number the 4th, 5th, 6fch, 
7tb, and 8th digits of a given dual number. 

Bttle. 

Add to the dual number taken as a common number tbe 
third coefficient or operative number, counting the unit, 
belonging to the fourth digit, and the whole number pro- 
duced by multiplying the last four digits, considered a 
decimal, by the 4th digit. 

Examples. 

Ex. 1. Eeduce \ 0,0,0,6,4,3,2,7, to a common number. 
The first three coefficients for 6 are 

1; 6; 15. 

And -4327 
6 

The whole number 3 is found without performing the 
multiplication designated 

1-00064327 

15 • 
3 , 

iooo64346=>|, 6,4.3 2,7, 

JKr. 2. Eeduce 4^0,0.0,8,7,6,5,4, to a natural number. 

The coefficients for 8 are 1 ; 8 ; 28 ; 

and '7654 

8 

6 • ' • • 

Then 1 00087654 

28 

? . 

iooo87688=>t 8,7,6,5 4, 

Ex, 3. Eeduce \ 0,0,0.5,6,7,8,9, to an ordinary number. 

>t 0,0,0,5 6,7,8 9 

1 o 

3 



10005680 2=J^ 5,6,1,^,^ 
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Problem. 
Descending Braneh, 

59. To reduce to a common number fche 4tb9 5th, 6tb, 
7th, and 8th digits of a given dual number. 

BlTLE. 

Subtract from the dual number, taken as a common num- 
ber, the third coefficient belonging to the fourth dual digits 
and the whole number produced by multiplying the last four 
digits, considered a decimal, by the 4th digit. Then sub- 
tract the whole from 1 00000000, the remainder is the 
natural number required. 

Examples. 

JEr. 1. Eeduce 'o'o'o'7'6*3'4'3 f to a common number. 
The first three coefficients of 7 are 

l; 7; 21; 

And -6343 

7 

4 • • • • 

•00076343 
25 



•00076318 

•99923682 =:'7'6'3V3 J 

Ux. a, Eeduce 'o'o'o'4*9'3'6'7 f to a natural number. 
Coefficients for 4 are 1 ; 4 ; 6 ; 

•9367 

4 

4 • • • • 

•00049367 

4 
6 



•00049357 

•99950643 = '4 V3'6'7t 

The chief object of this chapter is the concise and prac- 
tical solution of the next problem ; many preparatory pro- 
cesses have been introduced and exemplified, so that the 
methods emplo^ ed in the solution may be easily understood 
and remembered. 
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Fboblem. 

60. To reduce a dual number of eight digits to a common 
number. 

EULB I. 

Beduce the last five digits to a common number ; then, 
beginning with this number, operate in succession for each 
of the three remaining digits, in any order whatever, observ- 
ing to divide the successive results counting from left to 
right into periods of three figures^ when operating for the 
third digit ; into periods of two figures^ when operating for 
the second digit ; and into periods oiamgle figures^ when the 
reduction is for the first digit. 

Examples. 

Ex, 1. Eeduce \ 3,2,5,6,7,8,4,9, to a common number. 

\ o, o, o, 6, 7, 8, 4, 9, C The last five digits 

1 5 < reduced to a com- 
5 ( mon number. 



1|0 





3 






1 


6 
2 




7 


2 




8 

3 





6 
6 

3 
6 


9 

1 

6 

8 


1 -3 3 


1 9 

^ ^ 5 

1 


3 3 4 

952 
332 

1 


1 3 
4,2, 


3 
2 


8 
6 


5 

7 
1 


7 
7 
3 


6 1 

1 5 
3 8 


9 • 
2 • 

6 . 



1-36548157 = >t 3.2,5.0,7,8,4:9, 

8 

!Eke, 9. Beduce \o\ 1,7,1,3 9 7,6,8, to a natural number. 

3 
\o, o, o, 3, 9, 7, 6, 8, 

3 



^V, 






3 9 


7 7 


4 • 


7 


2 


7 8 


4 • 


2 


1 


8 


4 • 




3 


5 


1 






3 


5 • 



0725.617 

B 



B 
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107256178 

1 o 7256 1 8 

T^ i~~ 7 981796 



1 



798 



*1, 



1 1 8 0.9 9 7 7 8=10^1,7,1,3,9,7,6,8, 

Ex, 3. Eeduce 'i'2'5'7'6'3V3 f 10* to a common num- 
ber. 

'o 'o 'o '7 '6 '3 '4 '3t 



^6t 



'2/jv 















> subtract 


•0 




"9" 





7 


6 


3 


1 8 


•9 


9 
4 


2 

9 


3 
9 


6 
6 

9 


8 2 • Complement to 1. 

1 8 •- 

9 9 --f- 
1 • — 


•9 


9 

1 


4 
9 


2 
8 


5 

8 

9 



5 
9 


6 3 + 
1 — 

4 3 + 


•9 


7 
9 


4 

7 


4 
4 


6 
4 


5 
6 


5 + 
5 1- 



8770185 4 = 'i'2'5y6'3V3t»o 
^j?. 4. Heduce '8'i*3 j^ 10^ to a natural number. 

•8t 




9 



•43046721 
4304 6 7 

54.+ 



426 
1 



162 

278 

1 



49.-- 

28.4- 



424885-33 ='8'r3tio^ 

Problem. 

61. To reduce a dual number of eight digits to a common 
number. 

EULE II. 

Beduce the last five and the first three dual digits to 
common numbers separately, then multiply these number? 
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kogetber by common contracted multiplication, tlie product 
wmbetr ■ ' — "^ - 



e the required common number. 

Examples. 
;. 5. Bednce 4.7,9,6,0,7,8,3,6, to a common number. 



*7, 



^=, 



I • 9 9 9 » 4 3 4 

Mult. ) 6 a 8 7 o o o 0- 

1-9998434 

» 3 9 9 

1 6 



9/3/3/V 

941871710 

1 j 1 6 9 3 3 o 

2933 

4 

916043867 

I 3 9 2 o 8 7 7 

19604 



.-. (8), 2. or I ■ 9 9 9 9 9 9 9 9 =4- 7,3,6,0,7,8,9,6, 
Ex. 6. Kaduce 'io'3'7'4'9'3'4'5 j" lo* to an ordiuarjr 
number. 

'o'o'o'4'fl'3'4'5 ^ 



'10 f 




*3t 



6 o 
o 4 



440 
3 5- 
60 + 



52 
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'7t 


3 


3 


8 
2 


3 
3 


2 
6 


2 

8 


3 
2 


4- + 
6- - 




8 


3" 












7 


1 


0- + 

_i • — 
7 rrom- 






3 


5 


9 


5 


3 


1 


the mult, by 










1 


3 


4 
6 

1 


3 

7 


1 


8 - 4 
2—2 

1 - 3 

0-3 
3 - 8 


•00042338 








■WMMi • 


1 


4 


2 


2 


4 Take- 





3 3 5*8 1 o 9 3=io'3'7'4'2'3'4'5t^o' 

62. To reduce a dual number of any given number of 
digits to a common number. 

Ettle III. 

iBeduce tbe dual digits seriatim to the corresponding 
common number, dividing tbe result at eacb successive step 
into periods agreeing (21) (22) (51) witb tbe position of 
eacb digit as tbe reduction is being made for tbat digit. 

Examples. 

JEr. 7. End tbe common number represented by 
^0,3,2,1,3,3,0,5,7,7,7,8,5,3, 

85 



10 



^3, 



8 
4,2, 



4 
4,1, 



6 

4^3, 



6 

^3. 



00 
30 



00 
00 
30 



00 
00 
00 



57 
01 

00 



1000 



77 

73 
01 

00 



33 

73 
00 



3 
6 

3 
6 



103 



030105 
206I060 
103 



952 
211 

030 



928 
906 
106 




1032465928:21859 

3097397785 
'30974 

103249I690250618 

1309749071 
310 



1-03249999999999 or 1-0325, (8) 
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63. Different methods of redaction are here introduced, 
each extremely simple, yet cases will occur when one of 
them will have the preference. A dual number multiplied 
by an ordinary numoer can be brought by similar means to 
an ordinary number. Proper examples fully worked out 
place the leading points of each method in a clear light, so 
that the practical bearing of each is easily observed. 

Ex. 8. rind the value of 12-344^ 2,3,4, in common nam« 
bers true to twelve places of figures. 



4,2, 



4^3, 



s 

4^4, 



15*4454640613 

See JEx. 2. Page 19. 

Ex. 9. Find the value of '2*3 f 10*^2 \ 5,5, in common 
numbers. 



1 


^\3A 

24^ 

1 s 


^o 

>8 

^3 





4 


































149: 

4^ 


M4 

^79 

44 


00 

42 

79 
14 


00 
00 
42 

93 


00 
00 
00 
14 


1 5 3 S 


B38 
515 


363 
353 
923 


514 
454 
030 

615 



V3{5.= 



+1 


— 1 


5 


10 


10 


5 


1 










— 2 




1 


5 


10 


10 


5 


1 




+ 1 




1 


5 


10 


10 


5 


I 






13 


15513 


1 


+ 1 

-3 

+ 3 
— 1 


—13 


04513 


1 

1 n « 


* ^ *fi>*0* 




IJO4513* 




13 


3 5 8 237644231 
1 


1 2 


6 5 


7 67^ 


f5^ 


41 


69 




6 3 


2 8 


82 


187 


82 






1 


2 6 


57,67 


76 






1 


2657 


68 






63 


29 










13 





13303 3463309 

»2'3fio'2j,5,5,=rs6 606 69 2661^ Wide. 
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See example 5, page 18, where 133033'4^8... is found 
by common addition and subtraction, (20). 

Examples fob Pbactice. 

JEa, 10. Eeduce 

'o'o'o'3'o'-2'2'o'o'2'5'7'9'5 1 0,3,0,0,1,0,5,5, 

lo a common number. Ans, 1*03 

Ex. 11. Eeduce 

'o'o'i'o'o'ro'i'o'o'6'2'3'2 I 0,5,0,0,4,0,0,2,0,5, 

to a common number. Ans, 1*05 

Ex. 12. Find the value of '4'3'2 f 47*35 in common num- 
bers. See example 3, page 16. Ans. 30*0832669766 
Ex. 13. Pind the value of 

'o'o'i'4'3'3'o'o'6'5'o'8'5'6 1 0,6,0,0,0,4 5, 

in common numbers. Ans. i*o6 

Ex. 14. Find the value of 

'o'o'o'6'o'o'6'o'o'i'5'7'3'7 t 0,4,0,0,2,0,0,2, 

in common numbers. Ans. 1*04 
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64. TO BEDUOE COMMOK TO DUAL KTJMBEBS WITHOITT 

THE irSE 01* TABLES. 

The chief problem of this chapter is the inverse of that 
of the last; the solution of the inverse vitQ^nts no difficulty, 
the direct operations being understood from the nature and I 
flexibility of dual developments. Auguste Gomte, in his 
'* Philosophy of Mathematics^* truly says, in summing up 
some of his general inquiries, '' We have determined, at the 
beginning of this chapter, wherein properly consists the 
difficulty which we experience in putting mathematical 
questions into equations. It is essentiaUy because of the \ 
insufficiency of the very small number of analytical elements 
which we possess, that the relation of the concrete to the 
abstract is usually so difficult to establish. Let us endea- 
vour now to appreciate in a philosophical manner the 
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general process by which the human mind has succeeded, ii^ 
BO great a number of important cases, in overcoming this 
fundamental obstacle. 

" Mrst, hf the Creation of New Mmetions, — ^In looking at 
this important question from the most general point of 
view, we are led at once to the conception of one means of 
facilitating the establishment of the equations of pheno- 
mena. Since the principal obstacle in this matter comes 
from the too small number of our analytical elements, the 
whole question would seem to be reduced to creating new 
ones. Bat this means, though natural, is really illusory ; 
and though it might be useful, it is certainly insufficient. 
In fact, the creation of an elementary abstract function, 
which shall be veritably new, presents in itself the greatest 
difficulties. 

<< There is even something contradictory in such an idea; 
for a new analytical element would evidently not fulfil its 
essential and appropriate conditions, if we could not imme- 
diately determine its value. "Now, on the other hand, how 
are we to determine the value of a new function wluch is 
truly simple, that is, which is not formed by a combination 
of those already known ? That appears almost impossible. 
The introduction into analysis of another elementary 
abstract function, or rather another couple of functions, for 
each would be accompanied by its inverse, supposes then of 
necessity the simultaneous creation of a new arithmetical 
operation, which is certainly very difficult." The art and 
science of dual arithmetic supply all these requirements. 

65. to beduoe common to dttal nitmbebs. 

Bttlb. 

Take the common number corresponding to a dual digit 
of either branch, so that the leading figures of this number 
may approach the leading figures of the given number ; then 
the dual digits, which have to be applied to bring the num- 
ber selected to the given one, are the other digits of the 
required dual number. 

In all dual developments, it should be remembered that 
a great many dual numbers can be found to represent the 
same common number. In reducing a common to a dual 
number, the work may be often abridged by multiplying or 
dividing either the number selected or the given. ii\i\£\^^'& 
by 2, 4, or 8. 
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EXAMFLSS. 

1. Reduce 1234*56789 to a dual number. 

It is not necessary to attend to the position of the deci< 
mal point until the work is completed. 

^2, = 



13 



J, 2, 
4,2, 



8 
^1, 



10 

24 



00 
20 
12 



00 
00 
10 



00 
00 
00 



1234 



3210 
2468 



0000 
6420 
1234 



12345678 
t 



7 654 Take from given No. 

1346 DifT. 
1235 



10 
^ 9. 



Ill 
111 



Then lo'^ 2,2,0,2,0,0,0,1,0,9,= 1234-56789 

66, When the dual number is restricted to nine posi- 
tions, this number becomes, 

10* ^ 3,2,0,2,0,0,0,1,1, 

the proper allowance being made for the digit rejected^ 

(6), (35). 

2. Eeduce 987654321 to a dual number. 



Vif 

2f 
S 



'3t 

4 



'7t 

*lt 



•990 
1 



000 

980 



000 
000 

990 



000 + 
000 — 
000 + 



9880 

2 



2099 
9640 

2 



0000 + 

6297— 
9641 + 

1 — 



98772 

6 



46133 
91407 

20 



43 + 

23- 

74+ 



987655 



474694 
987655 



'It 
7 



*6t 

b 



987654 487039 Take given N, from 

66039 Di£ 

98765 

617274 
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'6t 

8 

9 

'1 t 

10 

'I f 

11 

'6 f 



6,7274 
519259 



8 

7 



015 
901 



H 

98 



1 6 



o 



6 
6 



Then 987654321 = Vi'2'3'7'1'1'6'8'1'1'6 f io» 

to rind each consectttite dttal digit after the 

fibst is selected. 

Bttle. 

^^67. Take the difference between the given number 
and the result last found, then observe what multiple, the 
left hand figures of the step completed, is near this diffe- 
rence; that multiple gives a convenient dual digit to occupy 
the next position in order. 

In the last example, having found the digits 'o'i'2'3 • • • • 
the result is 987724613343, therefore according to the rule 

Eesult, 9877214 

Given number, 98765-4 

98 • •) v'oDiff. (7 times, about. 

68. Then '7 may be taken as the dual digit to occupy the 
fifth position, as we have no occasion to turn back and try 
another number, for then the method would he merely a 
method of approximation. Whether the results arrived at 
be greater or less than the given number, the process may 
be continued, since digits of either branch may be intro- 
duced at any stage of the reduction. To illustrate this veny 
important property, let the digits 'o'i'2'4''' be taken 
instead of 'o'i'2'3 • • • then it will be seen, by the following 
reduction, that the result arrived at will be 987625840881, 
which is less than the given number ; then the next digit 
must belong to the ascending branch ; 

Given number, 98765 43 

Eesult, 98762 58 

98 







2 
2 



85 Diff. (3, times. 
94 

D ^ 



58 
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'if 
'2f 



'4^t 



• 990,000 
1I980 



000000 + 



9880 

3 



000 000— 
_ 990 000 -f-^ 

20990000+ 
95208396— 
5i928i + 
4- 



98762 5840 
9628 



881 + 

775 + 
296+ 



4^31 



987655 469952 From ; take given N. 



'if 



'if 

7 

'6t 



148952 Eemainder 
987655 



61297 Contr. comm. div., 
98765 987654 being the 



8 
9 

'3t 

10 

u 



6 2532 divisor 

5 9259 

3|273 
2'963 



3 
2 



10 
96 

4 
9 

5\ 
51 



,'. •987*654321 is also equal to 

Vi'2Vo'i'i'6'3'3'i'5t 0,0,0,0,3, 

Many dual numbers may be found to represent the same 
common number. Those of the present example, for nine 
places of figures, become 

Vi'2Vo'i'i'6 1 io« 4, 0,0,0,0,3, and 'o'i'2'3'7'ri'7 f io», 
not more than eight consecutive positions of either branch 
being occupied by dual digits. 

69. In similar reductions half the digits of the required 
dual number being found by contracted division ; when the 
number is great, mental labour may be saved if 1,2,3 " * * 9 
times the divisor be taken, which can be done as foUowsy 
with little more mental exertion than that required to write 
the results ; multiplication and division by 2, and simple 
jfubtraction being the chief operations required. In the 
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second example the divisor is 987654 ; without placing these 
multiples in regular order, they are given in the order in 
which thej are most conveniently set down, and numbered 
(I), (II), (III), &c. as follows :— 



Add 



3 —2962962 (V) 

1- 987654 (I) 
^ — 1975308 (II) 

4-3950616 (III) 
8—7901232 (IV) 



9876540 

2962962 



Ten times (I), 
half 9876540 

(VI) 3938270 -5 

9876540 
3950616 

(vii) 5925924-6 



(VIII) 6913578-7 times 987654. 

9876540 
987654 

(IX) 8888886-9 times 987654. 

70. To apply the operative numbers in the ordinary way 
before explained (23-), (49), presents no difficulty, yet their 
application may be much simplified in many cases, as the 
succeeding instances will show. Passing the operative, 
numbers (1 i) ; (i 2 1) ; (1 3 3 1) ; the next set m order 
is (1 4 6 4 1), the number for the coefficient 4 being found, 
the result for 6 can be found by a simple subtraction. 

Examples. 
JEa. 1. Multiply 453176842 by J^ 0,0,4, 

Take -571812*7 set down temporarily. 



Prom 



1453:1*76 

A_i 8 12 



A 



842 

707 

719 
2 



4 Operative 
6 numbers. 

4 
(1) 'Not required. 



Explanation. 

Take 1812*7 One period off; 4 times. 

Prom 4531*7 Two periods off; 10 times giren No. 

Piff. 2719 Six times, commencing two ^et\^^^ 

from the right. 
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. a. Multiply 874983768 by^o^ 
Take 1-^34 99 93 5*1 temporarily set down. 
From |8M^^ 
'— 3|49|99 



EZPLAXSID TSU8. 

Take 349993,5*i (One period off) ; 4 timea. 
From 8749837*6 Two periods oS, mult, by 10. 
Diff. 524990S*5 
or 594990 ■ 
71. Hence, tbe result for4 being fonnd, the other regulta 
for the coefficients (**6 4 l) may lie readily obtained. To 
operate with (1 5 10 10 5 1) is a simple matter, 
since any number as 3764*273 multiplied by 10 becomes 
37643*73. To multiply the same number by 5 take half 
37642*73, thus 

3) 37643-73' 

18821-365=6 timea 3764273. 
7a. An easy wny to find results for the coefficients 
(1 6 15 20 15 6 1). 

ExAUrLEa. 
IJx. 1, Find the value of 345678855 ^ 0,6, to nine places 
of figures. 

Do'uwl } 69.35:77.000= »oti»» 

Aid direot 11728394275 

dlagoDallj 



a;o 7 4 7 3 1 3^0 = 6 timea 

5 1 8^5 1 8 aJS 2 5 = 15 times. 

Hence, when the given number is set down and the 
periods balanced, the other numbers may be set down im- 
mediately. From the right of each in succession reject 
two, four, six, eight, &c. figures, then the results may be 
placed in proper order. 
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This eeparation is at a, 5, c, <&c. 

• • • 

CoHMOK Method. 

e d e h 



a 



34 


56 


78 


85 


50 


1 


2 


07 


40 


73 


13 


6 times, beginning at a 


5 


18 


51 


82 


^5 9> 99 » ^ 


6:9136 


20 „ „ „ c 


519 


15 99 99 99 ^ 


2 


99 n 99 ^ 



36 69-45 070- 

JSJr. 2. Pind the value of 345678855 \ 0,0,6, to nine places 
of figures. 

6*9 1 3 5 7 7 1 o o 



o, afber Double 
Half 
Given number 



—20 



1728394275 

\\\\\N\\\\. 
345I678I855 



207407 3*1 30 —6 
5185,182825 —15 

Casting off 3, 6, 9, &c. figures from the right. 

Oedinabt Method. 
c h a 



A 



345 

2 



678 
074 

5 



855 

073 
185 

7 



6 times, beginning at a 



15 
20 



99 
99 



99 
99 



99 
99 



347 758 120- 

JEr. 3. Eind the value of '6 f 345678-855 to nine places 
of figures. 

Zero after Double (N) 6 9 1 3 5 7 7*1 o o = 20 

Half (N) 1728394275 
Given number (N) 34 5.6 78855 = 1 

2 o 7 4 0,7 3 1 3*0 = 6 
5 1 8 5 1 8.2 8*2 5 = 15 

Castbg off 1, 2, 3, 4, 5, 6 figures from the right in ^\Sl^ 
cession. 
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OBSraABT MiTHOD. 




/.ioi.. 




3l4 


56788 


55 + > 




Jo 


74,073 


1 3 — 6, beguming at 


Is 


iS'slB 


a8 + 15 


» I. * 




6,9;i 35 


77 - so 




m»B 


18 + 15 


„ << 


207 


41-6 




1 3 


46 + 1 


„/ 


i8 


37079 


76 





fSum = 



^^ 73. To find the arithmetical complement of a given 
number ; — begin at the left and subtract each figure from 9, 
except the last figure on the right, which take from 10 ; the 
result with minus 1 (written 1), placed on the left is ft 
number called the arithmetical complement. 
BTo. _ao74073i3 7 
Aritb. com. 1792592687 ) 
When dual digits of the descending branch are introduced, 
subtractions may be avoided by employing the arithmetical 
complements of the numbera to be sabtracted. 

When the numbers for the respective coefficients are 
found by the contracted process, the vertical lines employed 
to divide the figures into periods may be omitted, beeides, 
the arithmetic^ complements of the nnmbers to be sub- 
tracted can be set down without further preparation. Trom 
these advantages the contracted methods will be preferred 
in many cases. 73. ^^^ 

_345678 855 1 

T79S593 687 Ar. com. for 6 

51851 828 15 

13086 423 At. com. for ao 

518518 15 

179 259 At, com. for 6 

346 I 

1 83707-9 >6 

Hx. 4. B«quiied the numbers that should be added to 
199876436758- to produce the same result as to multiply it 
by (101)', true to twelve places of figures ; or which m the 
tame thing, find the value of 19987643875810,6, 
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GONTBACTED PeBLTMTNABT OpEHATIONS. 

Twice, with o after 3 9 9 7 5 2 8.7 7 5 i 6 o 20 

Left oblique. Half 999382193790 

Given No. ,199876438758 1 

^j^f direct 1 i 9,9 2 5 8 6 3 2 5,43 6 

I obliquely 2 9 9 8 1,4 6 5 8.1 3 7 o 15 

Addition. 

199876438758 1 

11992586325* 6 

, 299814658* 15 

Jf 6, 3997529* 30 

29981* 15 

120* 6 

o 1 

Eequired product -212172867371 

74. A simple method to find results for the coefficients 
(1 7 21 35 35 21 7 1). 

This method, like those before given, will be immediately 
understood from its application to one or two examples. 

Ex. 1. Find the value of *7 1 1*45678979 to nine places 
of figures. 

Pbeliminabt Ofebations, 

requiring but multiplication by 3 and division by 2. 

Given number 14»5 678979 1 

3 times placed a fig. to right. 437036927 

Diff. 1 o 1 9,7 5 2 8 6.3 7 

3 times (7) 30592.585.89 21 

Half (7) 50987 6^.3 1 5 35 

WOBK. 

_i-45678979* 1 

1 8 9802 47 1 4* Ar. CO. 7 

30592586* 21 

14901236* Ar. CO. 35 

*7f 509876* 35 

169407* Ar. CO. 21 

1020* 7 

185* Ar. CO. 1 

•69677803 
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Ex, 2. Find the value of 8752318664, 0,0,7, true to nine 
places of figures. 

Pbelihikabt Opebatioits. 

Given number 875231866 1 

3 times moved a figure to right 2625695598 



Diff*. 6 1 2 6 6 2 3,0 6 2 
3 times diff. 1 8 3 7 9.8 6 9 1 8 6 



7 
21 

Diff. with o, half 3 o.^ 3 3 * 1 5 3 1 o 35 

WOEK. 

h a 



875 


231 


866 




1 


6 


126623 


* 


7 


• 


18 


380 


• 


21 




31 


• 


35 







35 


881 


376 


900 


• 





75. This result may be more readily found by the ordi- 
j WW method; namely, mult. (1) by 7 beginning at a; 
3x'(7)=2i; and6x'(7)=35. 

In many cases the ordinary method is the best. 

76. To render these contractions complete, examples to 
illustrate short methods when operating with the coefficients 
(1 8 28 56 70 56 28 8 1) and (1 9 36 84 126 126 84 36 9 1) 
are here added, aithouch in practice seldom more than the 
use of (8 28) and (9 36) is required. 

Examples. 

Ex. 1. Find the value of 1685947884,0,8, true to nine 
places of figures. 



Peeliminaet Aerangement. 



§ s 



2 a. 



n from (8) with o. 
Putw= 

Twice n 

Diff. obliquely taken 

Sum obliquely taken 
Double 



11 8^0 1635160 



168 


594788 
^ " ^ < ^ -^ 


337 
13^8 


189576 
-»' ^ ^ < ^ ^ ^ 
1b^ 3.0 4 



47206 5^4 064 

.9441.30*81 2^ 



70 

1 



8 
28 
56 
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WOBK. 




n = 168594788 


1 


13487583* 


8 


472065* 


28 


9441* 


5^ 


118* 


70 


1* 


5^ 



65 



183563996 

Ba. 2. Multiply 98765432123456789000 by 0999)^; the 
product to be correct to 20 places of figures. 

Fbepabatobt Abbakgemeitts. 
n from (8) ; with o after 691 358 0248*64 197 523 0000 70 

t^ ^ . :.. X J i "" 9^ 7^5 4321 23 456 789 000 1 
oub. as indicated < ^^^ ^.. ^.^^ ^ ^^^^ ^. ^ ^^^ 

( (2i«= 197 530 8642 46 913 578 000 
Add* as indicated \ • ^ • •• ^ • ^^ • -» ^^^ • •^ ^ ••^ 

' ( ,790 123 4569 87 654 312,000 8 

2765.432 0994 s^ 790,092 000 28 

5530 864,1989 13,580 184 000 56 

Then Add 

98765432123456789000 1 
T209876543012345688* At. CO. 8 

2765432099456790* 28 

14469135801086* Ar. CO. ^^ 

6913580249* 70 

T4469136* Ar. CO. 56 

2765* 28 

19* At. CO. 8 

979680685746 1 24447 13 

The addition is the chief operation, the preparatory ope- 
rations being little more than arrangement. 

JEr. 3. Eind the value of 8-35768964^9, true to um^ 
places of figures. 
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Pbelimtkabies. 

times \ 3008.76827.04 36 

(. 7 5.2 1 9 2 o 6 7.6 9 

Subtract i^-^^-,^\^75 8 ll^^ 

( (Giv.No/835768964 1 

Add "s \ \ \ \ \ \ \ N \ 

I Half 4178844820 

Take from (9) 5014613784 

7020 4.5 9 2.9 7 6 84 
Half 35102296488 

105306 8,8,9 464 126 

77. The dual digit 9 in any position of either branch can 
be applied to 835768964, when the above preparation is 
made; proper attention being paid to the changing of •*•.... 
The same remark applies to the preceding contracted ope- 
rations. 

WOEK. 

835768964 1 

752192068* 9 

3 00876827* 36 

70204593* 84 

10530688* 126 

1053069* 126 

70205* 84 

3009* 36 

75* 9 

I* 1 



19*70699499 true to the last figure. 

Examples 70b Fbactice. 
Ux. 1. Beduce 1*03 to a dual number of fourteen dual 

s 

digits. Am. '3'o'2'2Vo'2'5'7'9'5 | 30,0,1,0,5,5, 



V 

4 



^a?. 2. What dual number of twenty digits will reduce 

to I'l without involving i*i or any power of it? 

1 

Jns. '3'o'o'o'5 I 9,5,7,6,0,0,3,5,8,0,8,0,7,4,4,4,2,7,8, 
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The consecutive results are 

s 

^ 9,= 109368527268436090100 

8 

4, 5,= 109916464684283179601 

4 

,J,7,=i0999342929586722252i 

'3f =109993396297841733564 
7 


^ 6,=i09999996o666ii898399 

8 

^ 3,= i099999993666ii8i3397 

9 
4, 5, = 1 099999999 16611811330 

'5 t =109999999911111811334 

u 

10 
^ 8,= 1099999999991 1181 1294 



888188706 

ri) 88 8 188706 r common 
8,0,7,4,4,4,2,7,8, { division. 

JKr. 3. Eeduce 1*0325 to a dual number of fourteen 
digits. Ans. ^ 0,3,2,1,3,3,0,5,7,7,7,8,5,3, 

Ua:, 4. Eeduce 1*09 to a dual number. 

Ans. 'o'i'o'i'o'i'6'5'o'2'8'iV4t 1,0,1,0,2, 
Ux. 5. Eeduce i*o8 to a dual number. 

Ans. 'o'o'o'3'o'4'o'o'8'4'4'8'9'8'o 1 0,8,0,4, 

Sop, 6. Eeduce 1*07 to a dual number. 

Ans. 'o'o'2'o'o'3'o'6'6'7'8 1 0,7,0,0,1,0,4,0,0,0,0,0,3,3, 
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CHAPTEE IV. 

78. TO OOiryEIlT A DTJAJj ITUMBEB IKTO ▲ DVAIi LOOA.* 
BITHM, WITHOUT THE USE OE TABLES. 

BULE I. 

When the dual number to be reduced is composed of 
digits belonging to both branches, reduce the digits of the 
ascending branch to the eighth position by Bule II., and the 
digits of the descending branch to the same position by 
S*ule III. ; the difference of these results is the dual loga- 
rithm required, and belongs to the side that gives the 
greater number. (38), (45), (46), (47)- 

Ascending Bbanch. 

EULE 11. 

To the dual number, taken as a common number, add 
31018 times the first digit, and 33 times the second; then 
subtract 5 times the first three digits, a cipher being sup- 
posed after each, the remainder is the dual logarithm. 

Examples. 

Us. 1. Find the dual logarithm of >^ 3,1,4,1,2,1,1,3, 

^ 3,1,4,1,2,1,1,3, 

93054=3 times 31018 

33 = once 33 

3 I 5^5200 
Subtract 1505200 =5 times 3,01,04,0 
Dual logarithm = 30000000, 

The common number answering to 

X 3,1,4,1,2,1,1,3 = 1-34985881 (60); 
.'. 4 (1 •34985881) = 30000000, 

Ux, 2. Eeduce ^ 7,2,6,0,7,8,2,6, to a dual logarithm. 

1 7,2,6,0,7,8,2,6, 

217126 =7 times 31018 
66 =2 times 33 

72825018" .T 

3510300= 5 times 7,0,2,0,6^: 

I>iialJogarithm :i 6 9 3 1 4 7 1 8, 
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79. Bale II. may be applied under another form, which 
may be expressed thus : — 

Add together the dual number taken as a common num« 
ber, the first digit times 31018, the second digit times 33, 
and the arithmetical complement of the first three digits, 
with (o) after each, multiplied by 5 ; the sum will be the 
dual logarithm. 

^ 7,2,6,0,7,8,2,6, 

16489700 = Ar. CO. 702060 X 5 
217126 =7x31018 

66=2x33 
69314718, 

Ujp. 3. Beduce ^ 8,5,7,7,7,0,4,1, to a dual logarithm. 

Mrst method. 

Jf 8,5,7,7,7,0,4,1, 

248 1 44 =8x31018 

165=5x33 

86025350 
4025350=5x8,05,07,0 



Dual log. = 82000000, 

Second method. 

Dual as com. No. = 85777041 

15974650= Ar. CO. of 5 X 8,05,07,0 
248144=8x31018 

165=5x33 



D. L. = 82000000, 

DxscEiTDiKa Bbaitch. 

BULE III. 

80. Add together the dual number taken as a common 
nnmbeTy 5 times the first three dual digits, supposing a 
G^er z&ev each, 36052 times the first di^t, and 34 timed 
the second, the sum will be the dual logaxv\!Vim« 
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Examples. 
JSa. 1. Eeduce '2'3V5'6'7'8'9 f lo* to a dual logarithm. 

Dual numbep 'a'aVo 6*7'8'9 f 

1 o 1 5 12 o o =5 X 'ao'30'4O 

72104 =2x36052 

102 =3x34 



Duallog.= '24544 195 
230258509 X4=92i03403 6,= 4„ (10)* 

896489841, Eequired logarithm. 

Ua:. 2. Eeduce '6'6'o'6'8'2'o'2 f io» to a logarithm. 

'6'6V6'8'2 V2 f 

3030000 =5 X 606000 
216312 =6x36052 
204 =6x34 

'69314718 
3 X 230258509, = 6 9 o 7 7 5 5 2 7, =4r, (io)» 



621460809, 
'6'6'o'6'8'a'o'2 f = -5 /. ^, (500) = 621460809, 

JE^. 3. Beducc the dual number 

•o'o'4'2'o'i'i'2 1 0,10,0,0,1,0,0,0, 

1-1 

to a dual logarithm, 
add 200 330 add 

Vo'4'2'0'1'1'2 1 0,10,0,0,1,0,0,0, 

50000 subtract 

'420312 9951330, 

'420312 

9531018 

/. ^ (vi) ^ 9531018, or 1-1 = 4^ 0,0,0,0,0,0,0,953 it)i6, 



DUAL ABITHMETIO. 71 

.Er. 4. Beduce the dual number 

'o'o'o'o'4'5'o'o I 0,0,10.0,0 0,3,3, 

101 

to a dual logarithm. 

Vo'o'oV5'o'o t 0,0,10,0,0,0,3.3, 

500 subtract 

9 9 9 5 3 3, 
* '4 5 Q Q 

995033, 

8 

/. 4,, (iOi) = 995033, or 101 = ^ 995033, 
£wr. 5. Eeduce the dual number 

'o'o'o'o'o'o'4'5 T 0,0,0,10,0,0,0,0, 

1001 

to a dual logarithm. 

•o'o'o'o'o'o'4'5 T 0,0,0,10,0,0,0,0, 

5 

99995, 
'45 



99950, 

8 

.". 4,, (rooi) = 99950, or I 001 = >Jr 99950, 
Ha. 6, Eeduce 'o'o'o'o'o'oVo-45 T 0,0,0,0,10,0,0,0, to a 
dual logarithm. = 

1*0001 

6 



•45 t 10,0,0,0, 



•45 



9 9 99,55 =10000, 

8 

.-. >t, (i-oooi)= 10000, or 10001=4, 10000, very nearlj. 

81. Each of the bases may be expressed in terms of those 
succeeding it. The following tabulated developments are 
extended to twenty consecutive dual digits, and will be 
found useful when accurate results are required to any 
number of places of figures less than twenty. 
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•9 ^ 1,1,0,1,0,0,0,1,0,0,0,0,0,0,0,1,0,0,0,0,=1. 

'99 I 0,1,0,1,0,0,0,1,0,0,0,0,0,0,0,1,0,0,0,0,= i- 

•999 i 0,0,1,0,0,1,0,0,0,0,0,1,0,0,0,0,0,0,0,0, = !. 
•9999 jf 0,0,0,1,0,0,0,1,0,0,0,0,0,0,0,1,0,0,0,0,= 1. 

82. Since the logaritlim of i-=o, then for eight dual 
lligits, the dual logarithm of '9 added to ^ 1,1,0,1,0,0,0,1, 
Tedaced to a dual logarithm, =0, written (38) 

4,, C9)+4f, i,i,o,i,o,o,o,ii=o. 

Therefore, when the dual logarithm of ^f 1,1,0,1,0,0,0,1, is 
. found, the dual logarithm of '9 becomes known. In a similar 

MBj the dual logaritlim of '99 ; -999 ; &c. may be ascer- 
k iained* 

EZAHPIiES. 

. JEx. 1. Bequired the dual logarithm of '9='i f = 

^, l,=953ioi8, 

Jr, 1,= 995033, 
4 

<-.. Jr, 1,= 10000, 

^, 1,= I, 

10536052, 

8 

_ .•. 1, 1,1,0,1,0,0,0,1, = ^ 10536052, 
.-. 1, 1,1,0,1,0,0,0,1, = 10536052, 
.-. ^,09) = '10536052; 
or '9 = 'I'o'o'oVo'o'of = 'o'o'o'o'o'oV 10536052^ 

=r '10536052 f 

^' .Er. 2. Eequired the dual logarithm of '99 
T; -99 4^0,1,0,1,0,0,0,1, = I 



tr 



•• 



Jr, i,=995033, 
^, i,= 10000, 

J', 1,= 1, 

1005034, 
^f 099) = * 1005034. 
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JSx, 3. Beduce 'o'o'i f = -999 to a dual logarithm. 

•999 >t 0,0,1,0,0,1^0,=!. 

.-. \. 1,= 99950, 



4,, 1,= 



100, 



100050, 
.•• \, (-999) = '100050, 

Hx, 4. Find the dual logarithm '9999 the fourth base of 
the descending branch. 

•99994^0,0,0,1,0,0,0,1,=!, 

4 8 

I 1, = ^ 10000, 

8 8 

Jf 1, = \ Ij 

10001, 

-•• ^,09999) = '10000 very neaiiy (47)- 

JSb?. 5. Find the dual number registered for I'Oi in the 
preceding table. 



100 0/0 o 5/0 o 0/0 o 0/0 o 2/0 o 0/0 o 
1/ 4^ 2/ 1/ 5/ 1/ 2 
1/ 2/ 2/ 2/ 1 
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5 2 + 
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1 0— 
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H 



10100000 o|a 3979043 7^4 o 5+ 
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> O O O O O t 



loiooooooo 07 590 
'7 t 1 7 o 7 

V |5.o_5 

lj_o 
'5 t |5 

a 

'3 f 

'7„t 



? o 7 
|8 3 o 



5'0'o'a'3'7"5'*'5'o'7'6"2'7'8 T combined with the 
g digits 0,0,10,0,0,0,3,3,0,0,0,0,0,0,0,0,0,0,0,0, 
In the table (81), page 73, many of the ciphers are omitted. 
At. 6. rind s dual number of twenty coDBecutive digits, 
BB to Terify t}i0 vattM <tf (I'l), given in the preceding table 
llj, and give tbe vhole vork unabridged. Each of tbe bawe 
VoLved muat be leaa than (I'l). 




1 10, 



[ aj5 41112 0^4, r, i\o ^ 
E 2 



7G 
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3 + 



1 1000000000 



4603538 

4 4 



4 1 9 



(ri) 2035384190. 
'1 '8 '5 'o '3 '4 '9 '2 '7 



I'l 



Vo'4'2»o'i'i'2'o'3Vi'8Vo'3'4'9'2*7 t combined with tb 
ascending digits 0,10,0,0,1,0,0,0,3,0,0,0,0,0,0,0,0,0,0,0, 

The other dual numbers tabulated in (81) page 72, are readi 
found. It has been assumed that 

(11)'= 1 1, =19531018, 

(1-01)'= 4,0,1, =i 995033, 
(1-001)'= 1 0,0,1, = 1 99950, 

8 

(l*000l)'= jf 0,0,0,1, = 4, 10000, 
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But these equalities may be established in an indepeD6« 
ent and a direct manner with great ease. Thus, from the 
tabulated arrangement (81), established by simple and 
direct operations, may be taken the eight digits D E F, 
CBA. 

4, o,o,o,i,='oVo'oVo'o'o.4.5 1 0,0,0,0,10,0,0,0,= ^ 9999,5 

4,0,0,1, ='oVoVo*o'4'5 Ao,o,o, 10,0,0,0,0, 

4,0,1, =:'0'0'0'0V5 0'0 I 0,0,10,0,0,0,3,3, 

4,1, =VoVa'o'i'i'2 1 0,10,0,0,1,0,0,0, 

8 8 

4,0,0,0,1, =4 9999 6=4^10000, (35) (6) 

8 

.-. 4^0,0,0,10,= 4, 99995, 
for, if (I'oooi)^ = (1 0000000 1)*^' 
then (i:oooi)*®=(ioooooooi)'*'®-'; 
(55) 'o'o'o'o'o'o'4'5 f = '45 f , and consequently 

8 

8 

'o'o'o'o'o'oV5 1 o,o,o,io,o,o,o,o,='45 1 99995. =4^ 99950, 

8 
8 
•. 4,0,0,1, =4,99950, 

8 

'. 4^0,0,10,=^ 4, 999500, 

8 

and .-. 4^0,0,10,0,0,0,3,3,= 4,999533, 
also 'o'o'o'o'4'5'o'o f = '4500 f (55), 

8 
8 

.•. 'oVo'o'4'5'o'o 1 0,0,10,0,0,0,3,3,= '4500 1 999533,= 

8 
8 

^ 995033, 

.-. ^0,1, =4^995033, 

8 

;. 4r 0,10,= 4,9950330, 

8 

Eiid .-. 4^^,10,0,0,1,0,0,0,= ^^5\*>>'^^^\ 



78 DUAL ARITHMITIO. 

Again, (81), 'o'o'i f reduced to the eighth position is , 
equal to ^0,0,1,0,0,1,0,0, reduced to the eighth pofdtioD, 
but taken negatively. 

But 4, 0,0,1,= 4,99950, 

8 
•'• (^2) 4r 0,0,1,0,0,1,0,0,= 4r IOOO5O, 

.*. 'o'o' 1 f = ' 1 00050 f 

8 

/. 'o*o'4 f =*400200 f 

a 

and /. VoV2Vi'i'2f ='420312 f J 

8 

hence Vo'4'2'o'i'i'2 T 0,10,0,0,1,0,0,0,= 

8 

'420312 I 9951330,= 4r 9531018, 

8 
.-. ^1,= 4^9531018, 

83. Hence, the equalities (81), and the accompanying 
tabulated developments, can be directly and independently 
determined as circumstances may require. Consequently 
the dual logarithm of (i*i) expressed ^, (i*l) = 9531018,; 
4„(roi)=995033,; 

4r, (iooi)=99950, ; 4r, (10001)=10000, . 

Dual logarithms to a greater extent may be calculated 
and applied by little additional preparations ; a single 
instance will illustrate this matter. For example, let it be 
required to establish a system of dual logarithms to eleven 
places of figures, to which the corresponmng dual numbers 
must be of twelve consecutive dual digits, (37). From the 
developments (81), (DEE) (ABC), may be taken 

4r i,='o'o'o'o'o'o'o'o'o*o'o'o 45 T 0,0,0,0,0,0,10,0,0,0,0,0,= 

4^ 999999,5 

4r 1,= 0'0'0'0*0'0'0'0'0'0'4'5 0,0,0,0,0,10,0,0,0,0,0,0, 

* A 

4r 1, = '0'0*0'0'0*0*0'0'4'5'0'0 0,0,0,0,10,0,0,0,0,0,0,0,, 

V 
8 A 

4,i,='o'o'o'oVo'4'5'o'o'o'o 0,0,0,10,0,0,0,0,0,3,3,0, 

V 
8 A 

4, i,='o'o'o'o'4'5'o'o'2'2*7'5 * 0,0,10,0,0,0,3,3,0,0,0,0, 
Xi,='o'o'4'2'o'i'i'2*o'3"4'2 0,10,0,0,1,0,0,0,3,0,0,0, 
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^i, =999999.1. ■ 

4- io,=9999995, 
'4'5 t = '45 



ih =9999950, 

■I 10,= 99999500,, 
Vsf = '4500 

1 1, =99995000^ 



(Second). 



(Third). 



4 io,=999950O03, 

J- 3,3,0, = 330, 

'4'6t = *45oooo, 



•t', =999500333, 



(Pourtli). 



1 10,= 9995003,130, 
^ 3.3.0,0,0,0,= 330000, 



(lifth). 



•■- -J- 1, =9950330853, 
imay be ehown, as follows, that 

■4'5'o'o'2'a'7'5 f ='45003477-5 
J, 0,0,0,0,1,0,0,0,0,1,0,0,= 10000050, 



'4-^= '40000200 
^0,0,0,0,0,1,0,0,0,0,0,1,= 1000000*5 



'5 1= '5000002-5 



1^ 



V5'o'o'3'a'7'5 f ='450024775 
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-t I. = 9950330853. 
4,10, 



3000, (Siitb). 



^0,10,0,0,1,0,0.0,3,0,0,0, = 99513311480, 
'o'o'4'a'o'i'i'2'o'3'4'2|=: '4303131676 

■■■ 1 1, = 95310179804, 
That 'o'oVa'o'i'i'a'o'aYa f ='4203131676 f 
may be determiaed thus, 

^0,0,1,0,0,1,0,0,0,0,0,1, =1000500333,, 



'4 f ='4003001334 ■« 
J, 0,0,0,1,0,0,0,1,0,0,0,0,= 100005000, 



'3^ = '300010000 = 'aoooioooo ?£ 
'i'r2'o'3'4'a^ = '1190343 I 



and ;. '4'a'o'i'i'3'o'3'4'2^ ='4303131676; 

84. It will save the time of an operator to register ia a 
tabulated form 1, s, 3, 4, 5, 6, 7, 8, 9, times each of these 
ultimate values ; for then the numbers to be added may be 
Bet down from these mnltiples. 

Ti3itLA.T£D Multiples, 

oF^ 1, ; ^ 1, ; ^ 1, ; ^ 1, ; ^ i, ; 4- 1> induced to the twelfth 
position, taken from reductions made to the twentieth 
position. 
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1 




95310179804, 


ii 
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fi 
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fi 
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a 
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857791 61 8339. 
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i 




19900661706, 


a 




39850992560, 


4 


^, 


3 9 8 1 3 a 3 4 1 3, 


5 


1 


49751654266. 






59701985119. 


7 




69652. T 1597 2, 


« 




79602646825, 


9 




89552977679- 
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ih 



1 

3 

3 

4 
5 
6 

S 

9 


;' 


999500333, 
1999000666, 
2998500999, 
3998001332, 
4997501665, 
5997001999, 
699650233 a, 
7996002665, 
8995502998, 



^1, 



> 




99995000, 


' 




199990001, 


s 




299985001, 


4 


11 


399980001, 


fi 


J- 


49997500 2, 






5 9 9 9 7 2, 


1 




699965002, 






799960003, 


a 




899955003, 



tl. 



3 
4 

5 
6 
7 
8 
9 


^^ 


9 9 9 9 9 5 0. 
19999900, 
39999850. 
39999800, 
49999750, 
5999970 0. 
t*999965 0, 
79999600, 
89999550. 



2 
3 

4 
5 
6 
7 
8 
9 


^' 


1000000, 
1 9 9 9 9 9 9, 
3 9 9 9 9 9 9, 
3999998, 
4999998, 
5 9 9 9 9 9 7, 
6999997, 
7999996, 
8999996, 



^ (2)=693i47i8o56o, and J^ (io)=3302585092994. 

Like miiltipiea of 'i f = *l0536o5i5658 f 

'lf= '10050335854 ^ 

'if = '1000500334 f 

'1 ^='100005000^; 'l f ='10000050 f; '1 f ='1000001 f, 

when required, may be found and tabulated in a eimilsF 
manner. A single example will suffice to illuHtrate this 
extension, 

EriMPLE. 

Seduce *o'o'4'3'i'o*5'o'4'6'7'8 1 7,6,0,0,0,8,0,3,0,0,0,0, to 
ft dual logarithm in the twelfth position. 
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'4 ^= 4002001 336 ^ 




4,7,=667i7ia5863o,. 4j 
|6,= 59701985119, >'^. 

4,8,= 



736881973745, 
'43i35if " 



722668757681, 

'o'o'4'3'l'o',5'o'4'6'7'8 T 7,6,0,0,0,8,0,3,0,0,0,0, 



'o'o'4'2'l'o'5'o'4'6'7'8 T 7,6,0,0,0,8,0,3,0,0,0,0, 

722668757681 

Tabulatsd Mttitifleb. 

"'if; 'if; 'if Ac. reduced to twelfth pOBitioii. 

'"if 



105360515658, 
210721031316, 
316081546974, 
4206263 



53b 



2578 



632163093948, 
737533609606, 
843884125264, 
948244640; 







■'? 


1 




10050335854, 






20100671708, 


a 




3015100756 a, 


4 




40201343416, 


r. 




50251679270. 






60302015134, 


7 




70352350978, 


H 




80402686832, 


9 




90453022686. 



3001501002, 
4002001336, 
5002501670, 
6003002004, 
7003502338, 
800400367 a, 
/9004503006. 



10000500 

30O01O00 

30001500 
40002000 

50002500 . 

600030000, 
7000350 

8 00 o 4 o o 
9000450 o o, 
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\f 



0000050 



3 O C 



1 I ( 



30000150 
40000300 
50000250 
60000300 
70000350 
80000400 
90000450 



'>t 



1 1000001 

3 3000003 

3 3000003 

4 40D0004 

5 6000005 

6 6000006 

7 7000007 

8 8000D0S 

9 9000009 



CHAPTER V. 

85. TO SESVOE i. STTAI. LOGABITBU OF THE AKEnmSO 
BBAKCH TO A CDAIi BTJMBEB, WITHOUT THE USE OF 

TABLES. 

If the given logarithm be greater than ^, (a) or ^ (10), 
subtract multipleB of 69314718, or 330358509, until the 
remainder is less than either of these constants. When 
the remainder thus found doea not consist of eight places 
of figures, establish eight places bj prefixiug ciphera to the 
left, then apply for the ascending branch. 
BULE L 

Add once ; twice ; three times, Ac. 500000, according na 
the first figure, on the left of the sum, becomes respectively 
•1 ; 2; 3; &c. ; subtract 31018 tiroes the first figure of the 
sum, which first figure must not alter in the operation, but 
reappear in the remainder. Then add once; twice ; three 
times, &c. 5000, according aa the second figure to the left 
of the sum becomes respective!;, 1 ; S ; 3 ; &c. ; subtract 
33 times the second figure, which must not change in the 
operation, but reappear in the remainder. 

Again add once ; twice ; three times , &c. 50, according as 
the third figure of the sum becomes respective!; 1 ; S; 3; 
&c. J and the dual logarithm is reduced to a dual number of 
eight digits. Ihis rule is the reverse of £u!e II. (78). 

EXAUPLES. 

Hx. I. Beduce the dual lagoritlim 69314718, toado^L 
number of eight digits. 
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69314718, 

3500000 4- =7 X 500000 

7281 4718 

3171 26 — =7x31018 

7259759a 

1 000 o-f =2x5000 



73607592 

6 6— = 2 X 33 

72607526 

3 00+ =6x50 






4,, 7,2,6,0,7,8,2,6, ==69314718, 
JEx. 2. Beduce 230258509, to a dual number. 

230258509, 

8 07 9441 5 4 ,=3X 69314718, 

2 2 3 1 4 3 5 5> 
500000x2= 10000004- 

23314355 
31018x2= 62 036 -^ 

23252319 

5000 X 3= 15000 4- 

23267319 

33x3= 99- 

23267220 
50x6= 1004- 

a 4r, 2,3,2,6,7,3,2,0, 

A \\ 2,3,2,6,7,3,2,o,=230258509,= f, (10). 

Ex, 3. Beduce the dual logarithm 60000000, to a dual 
number. 

Duallog. 60000000, 
30 000004- 

63000000 
186108— 



628 13892 
1 00004- 

62823892 
466 - 

62823826 
4004- 



^ 6,2,8,2,4,2,2,6, dual number. 
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Ea. 4. What dual number corresponds to the dual loga- 
rithm 1369690422, ? 

1369690422, given log, 
4r, io» =i 15 1292545 

2 1 8397877 

Jr, 2» = 207944154 
10453723 

1 X 500000= 500000 

10953723 

iX3»oi8= 31018 

10922705 
9x50= 450 

48 1,0,9,2,3,1,5,5, dual number. 

Ex. 5. What dual number corresponds to the dual loga* 
rithm 345676, ? 

C Given number with two 
Given 00345676,^ ciphers to the left to 
3 X 50= 1 5 o (. make up eight places. 

Dual number \ 0,0,3,4,5,5,2,6, = \^ 3,4,5,5,2,6, 

Examples fob Pbactios. 

Ex. 6. Beduce the dual logarithm 30000000, to a dual 
number. Ans, \ 3,1,4,1,2,1,1,3, 

Ex, 7. Find the dual number corresponding to the dual 
logarithm 82000000, Jns. \ 8,5,7,7,7,0,4,1, 

Ex. 8. Beduce 230258509, to a dual number, without 
involving the logarithm of 2* Ans, ^ 24,1,5,1,9,2.9,4, 

86. To reduce a dual logarithm of the descending branch 
to a dual number. 

BVLE II. 

Subtract once; twice; three times, &c., 536052 (a), 
according as the first figure on the left becomes 1 ; 2 ; 3 ; 
&C. ; which first figure must not alter, but reappear in, the 
remainder. 

Then subtract once; twice; three times, &c., 5034 (&), 
aiccording as the second figure to the left of the remainder 
becomes respectively 1 ; 2 ; 3 ; &c. 
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Agaiiiy sabtract once ; twice ; three times, &c.j 50 (c), 
according as the third figure of the remainder becomes 1 ; 
s ; 3 ; &c., respectiyel;^. Thus the dual logarithm is reduced 
to a dual numoer of eight descending dual digits. 

This Eule is the reverse of Eule III. (80). 

Examples. 

Ua. 1. Eeduce 896489841, to a dual number of the de- 
scending branch. 

+ 896489841, dual log. 
>Jr, 10* =—921034036 

'24544195 

1072104 =2a. 



23472091 

15102 =25. 



23456989 

2 00 =2C. 



Dual number '2'3'4'5'6'7'8'9 f (10*) 

Ua, 2. Beduce '69314718 to a dual number. 

'69314718 dual logarithm 
3216312 =6a. 

66098406 

30204 =z6h. 

Dual number '6'6'o'6'8'2'o'2 f 

87. Any dual logarithm may be compounded of multiples 
of 69314718 (»), and 230258509 (m), and a logarithm nu- 
merically less than 34657359 half the dual logarithm of 2. 

If 230258509 alone is operated with, any logarithm may 
be compounded of multiples of 230258509 and a logarithm 
less than 115129255 half the logarithm of 10. 

in= 34657359 iw=i 15129255 

n= 69314718 «w=2 30258509 

ii^=i 03972077 iim=s 45387764 

2«=1 38629436 2;w=4 60517019 
2i«=l 73286795 2^=5 75646274 

3«=2 07944154 3^=6 90775528 
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If the giTon logarithm be greater than - by cs^ but less 

than fif then 

in ^ \ n 

a logarithm less than -. 

If the giv^i logarithm be greater than n^ but less than 
1 \n by y, then 



/3« \ ^ 
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a logarithm less than -. 

Again, if the logarithm be greater than i^ by z^ but 
less than 2n^ then 

ft 

which is also less than -, and so on. A similar process of 
reasoning may be applied to |7» ; m\ i\m\ 2m; <&e. 

Examples. 

^. 1. What multiples of the logarithms of ic* and 2* 
will bring the dual logarithm 178765437, less than 

34657359, 

«»= 230258509 

178765437, putrrZ 

51493072 m—L 
^=69314718 

17821646, put=JS 

.% w— («»— Z)=i2, and Z=m— w+i2 
or>Ir, (10)— J,, (2) + 17821646. 

But (85), 4r'i782i646,=J^i,8,3,3A5,3,6, 

1-19508425 
(lox i-i95o8425-4-2)=5-97542i25 
.•. I, (5-97542125)= i7Sl65Ar^l, 



* • 
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Ex, 2, Beduce '178765437 to a logarithm less than 

34657359 

^=230258509 

178765437 put=Z 

^■^^— ^— ' 

51493072 =w— Z 

n= 69314718 

» ■ 

17821646 put=5 
n— («i--Z)=5 

••• ^ (2) + 0o) 't+'i782i646='i78765437 

Ex, 3. Eeduce 98765432, and also '98765439 to a loga- 
rithm numericaUj less than 34657359 

98765432 
69314718 

9450714 

/. 4,, (2)+ 9450714,= 98765432, and 
(2) 'f +'9450714 ='98765432 
98765432, 

Vo'i|ii,o,o,i,9i7,4,6, 
2 202634 

8 

88. Because 1 3,6,0,9 4,1,0,7, =^34657359, 
and •3'3'o'3Vi'o'it= '34657359 1 

hence, any dual logarithm may he reduced to n dual nam- 
her whose first digit does not exceed 3, or '3 ; and by 

S 8 

operating with the logarithms of 4f 1, ; ^ 1, ; 4^ I9 ; &c., and 
of 'if; 'if; 'if; &c., in a manner similar to that ex- 

S 8 

plained (87), with respect to '69314718 and 69314718, 
the succeeding digits may he found so as not to exceed 
5, or '5. 

S 8 

Dual logarithms of ^l, and 'if; \i^ and '1 f ; 4^ i, 
and 'i f 
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»i'^ ='10536052 

4r,l,= 9531018, 



1 'l^ ='100050 



8 



|l,= 99950, 



'if ='1005034 
4rl,= 995033, 

A multiple of 10536052 may be involved so that the re- 
mainder will not exceed half of 10536052=5268026 which 
contains 1005034 five times, but not six times; the same 
may be said of half 1005034 = 502517, «&c. and of half 
953 1 o 1 8 = 4765509 1 &c. &c. 

Examples. 

Ex^ 1. £educe 34657359, to a dual number, composed 
of digits, each digit not to be greater than 5, or '5 

34657359, 
38124072, =: |4, 

'3466713 
'301 5102 

•451611 
'400200 

6,1,4,1,1, 

:. V3'4'5' 1 V 1' 1 1 4,=34657359, 
The dual number just found is not as readily reduced to 
a common number as 'o'oVo'5' 8*4*3 13,6,1, =34657 359, 

and yet one of the digits \ 6, exceeds 5 ; but the first three 
digits 4^3,6,1, in the latter case are more easily operated 

with than '0*3*4 ] 4, t^e first three in the former case, the 

reduction for i, or '1 being an extremely simple operation ; 
and whether the last four digits are greater or less than 5 is 
of no moment* 

Iteduction unabridged. 



13 



31 

79 
1 



00 
86 

99 
2 



000 
00.0 



^5 
66 

2 



^3,6, 



o 
2 
o 



141288332 
14 1 288 

14142I9620 



4,1, 



90 
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'5t 



141429690 

707I- 
1131 — 

• '4t 57- 

' '3t 4- 



8 



8263 



1-41421357 



II 



Vo'o'o'5'8V3 1 3,6,i,=34657359, 

Ex, 2. Bedace '34657359 to a dual nmnbery eacli digit 
of which not to exceed 5, or '5 

'34657359 
'3t '31608156 



'3049203 
'3015102 

'3Vi'o'i 



1 

3 

3 
1 



'34657359 1 ='3'3'o'3'4'i'o'i t 

8 



EEDTJCnOIT. 

- 1^31 
_i33i 
1331 
1331 



1308668031 



47971 




24120 



*3'3'o'3'4'i'o'i 'f =7 0710677 

'34657359 

JEr. 3. Seduce '7'6'4'9'8'3'i'8»t« 6,8,10,15,6,5,6,7, to a 
dual logarithm less than 34657359 and to a dual number, 
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each digit; of which Dofc to exceed 5 ; also find the corre- 
sponding natural number. 

'7'6V9'8'3'i'8 3^6,8,10,15,6 5,6,7, 
49 J 4 9 4 9 



'7'6Vo'8'3'i'8 8 
6 

YoVo'8'3'i'8»' 
> 

6 1 52 
14166 



«6,8, 6, 6,6,158, 
6 6 6 



t6,2, 6, 0,6, 1,5,2,='! 39989741 1» 

' 8 



Eedfction. 



'7 't -'73760682 
59775874, 

13984808 
14166 



4„6,=57i86io8, 
4,, 2,= 1990066, 

8 

^f 6,= 599700, 

'13998974 59775874, 

f, 1 0^=690775528, 
f, 2* =138629436, 

829404964, 
'13998974 



t 



Dual log. 815405990, 
Bedtjotion to a Gommoit Nuiibeb« 

'13998974 

•1 0536052 

'3462922 
'3015102 



'447820 
'500250 

5,2,4,3,0, 

815405990, 



*i*3'5'o'o'o'o'o 8 



'>N 



« 0,0,0,5,24,3,0, 



3477-468588 
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To FIND THE COBBESPONDING NUMBBB. 
WOBK UNABRIDGED. 



•3t 


1030 


301 






f 


97029900 

485149 

970 

1 


o-h 

5- 

3 + 
0— 




'It 


965457 198 
96545720 






86891 147 

43445 
8 


8 
6 

7 

1 

7 


• if. 




86934 
• • • 1 1 


602 
738 


6 
4.2, 




3478 


4^4, 




26 


1 

7 

4 


is, 


twice 


86936714 
173873429 




4 times 


347746 


8588 





Ex, 4. Eeduce 41 11,8,7,3,4,5,6,8, to a dual number 
the lowest form, and then to a natural number. 

4^11,8,7,3,4,5,6,8 

5540350=11,08,07,0x5 



11 3 1 942 1 8 

341 1 98=31018x11 
2 6 4=33 x" 



>t,2»= 



1 1 3 5 :^ 5 6 8 o, 
138629436 , 

2521651 16, 
230258509, 



21906607, 
I 



Vo'iVo'4'7'8 



2,3, 



II . 
1*23258763 
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1-23258763 

half 616293*815 natural number required 

II 
41 11,8,7,3,4,5,6,8, given dual number 

1334142943, dual logarithm. 

89. "We have now arrived at these important con- 
clusions, namely, that with the dual logarithms of lo"* and 
(1 + 1)**, (4^,10* 4^,2*), and a logarithm, numerically, not 
greater than 34657359» or '34657359 the dual logarithms 
of all the natural numbers between 

+ 00 and o 

are instantly determined under the form (A) ; (m and n 
being whole numbers, positive or negative). The corre- 
sponding dual number may be represented thus, 

ViV^VzV^V^^VjV^ «»T« u^u^u^u^u^u^u^ (A). 

The commas are omitted as unnecessary, the numerals 
1 ; 2 ; 3 ; . . • . being employed to designate the positions 
of the dual digits v^\ v^\ r3 ; . . . <&c. 

It is not necessary that either Vx or % should exceed '3 or 
3, and at least half these digits may be ciphers, hence, 
under this form (A) may be reduced, with great ease, to a 
natural number. 

Therefore to determine in a direct manner the natural 
number corresponding to a dual logarithm requires but 
little numerical labour, since 

(A) may assume the form (6) or (C), &c* 

*0t;,'0»4'0'0'0'0 min «^0,WjO,«5,l(8,W7,ttj (B). 

^OviO^O^iviv^V^ win f/jO,M8tt40,0,0,0, (G^ 
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So that if the positions UaU^UjUs be occupied, v^^VjVs become 
cipberSy and vice versd. To have each of the last four 
digits not greater than 5, or '5 is of no moment. 

These observations have been fully illustrated (87) 
JEa;. 1 to 3, and (88) JSx. 1 to 4. 

The solution of the converse problem, that is, to find the 
dual logarithm of any given natural number between 

+ 00 and o, 

requires no additional labour or skill, since a natural num- 
ber may be operated upon by lo* and 2' so as to give 
results either less than 1*41421356 or greater than 
*707 10678 ; and because 

1*41421356 and -70710678 

II II 

VoVo'5'8'4'3 1 3,6,1,0,0,0,0,0, *3'3'o'3Vi'o'i 't 

34657359, '34657359 

Therefore any given common number may be reduced to 
a dual number of the form (A), (B), or (C), which dual 
number is easily converted to a dual logarithm. Some 
examples will make clear and illustrate these observations. 

Examples. 

JEa. 1. Pind the dual number of the lowest terms, and 
also the dual logarithm of the common number 477735784. 

3)477735-784 
2)238867892 

given No. = 1 '19433 946 x lo'x «* 

i*i9433946xio»x2« 
11 

'o'i'3'o'o'o'o'o sTs 2,0,0,0,2,4,7,5, dual number. 

5|, io--|-2|,2- + 17759327 

1307681308, dual logarithm. 
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^. 3. Find the dual number of the lowest terms, and 
also the dual logarithm corresponding to the common num- 
ber 1865-65413 

Given number = •932827065 x io*x 2 

II 

Dual zuimber = ^iVo'o'2'2'9'3»|i 0,3,6,0,0,0,0,0, 

11' 
'6953546 

Jr, 2- = 69314718, 



62361172, 
3 1, 10- = 960775527, 



1023136699, = dual log. 

1865*65413= 8^ 6,5,2, also, and may be expressed by a 
great variety of dual numbers, but the one previously found 
of the lowest tenns requires but little calculation to convert 
it into either a logarithm or natural number. 

A brief inspection of the numbers and examples exhibited 
in the subjoined concatenated arrangement will exemplify 
these important relations. 
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CHAPTEE VI. 

PBACTICAL APPLICATIOIT OF DUAL LOOABITHMS. 

90. "Without the^ use of tables, in a variety of ways, 
and under different circumstances, we have shown by easy, 
independent, and direct processes, how any two of the three 
corresponding numbers 

(Natubal ihtmbeb) ; (Dual ititmbeb) ; (Dual 

logabithm) ; 

might be found, the remaining one being given. 

Any one of these convertible numbers being given, the 
other two may be also found by employing Tables I. and II. 
Table I. is of the ascending branch, in which the natural 
numbers range from 

V to 2-991 61 136. 

Table II. is of the descending branch, of which the 
natural numbers range from 

*299i6ii4 to 1. 

Hence, when these tables are employed, the powers of 
the base i + 1 or 2 are dispensed with, and only the powers 
of 10 retained. When operations are performed with dual 
numbers in their lowest terms, and tables used, it is not 
necessary that such tables should range beyond the natural 
numbers 

from i'4i42i356 to 1. and from 1. to 70710678; (89). 

Those who operate with dual logarithms should remem- 
ber (91), (92), (93). 

j^g^ 91. In future, when one of the three corresponding 
numbers, Natural ntimher, Dtutl number, Dual Logch- 
riihm, is known, either of the other two is set down and 
marked (91), without stating whether obtained through 
inspecting the tables or found by direct calculation. 

|£P^ 92. Natural numbers are prepared for logarithmic 
operations, when the tables are consulted, by simply chang- 
ing the decimal point one, two, three, <&c. places to the right 
or left until the natural numbers are to be fo\m^\^\>^^^\^ 

E 2 
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1-000 and 2-99161 13612 . . ; 

or between 
•299161136 and -99999999 ••• * 

The results obtained must be pointed off accordingly, 
because (18) the changing of the decimal point one, two, 
three, &c, places to the right or left being tantamount to 
multiplying or dividing by 10, 100, 1000, &c. 



t 



93. Dual logarithms are whole numbers ; those of 
the ascending branch have a comma to the right, below, 
while those of the descending branch are designated by a 
comma placed above to the left (33), (3B). Thus the dual 
logarithm of 2* as well as the dual logarithm of |^ is the 
whole number 69314718 but written 

„ (2)= 69314718, 
U-5)='693i47i8 

If the dual logarithms of the ascending branch be con- 
sidered positive, those of the descending branch must be 
taken as negative, and vice versd (47). 

£^ Hereafter the term logarithms will be applied 
to designate dual logarithms, when the contrary is not 
specified. «,^$ 

The consideration of a few special examples will aid the 
retention of the memory and pointedly exemplify the pre- 
ceding directions (90), (91), (92), (93). 

Examples. 

Mff. 1. With what numbers must the tables be entered 
to find the logarithms of 

245-672 98-3657 4*846321 

2-345678* 1-345672* 334455 

•0012345 -04763 8765432* 

•001 '1 100* 

1000. 9473. 1276. 

Answeb. 

The numbers marked (*) have the decimal point in the 
required position. 

2-45672 (Tab. I.) -983657 (Tab. II.) -4846321 (Tab. II.) 

1-2345 (Tab. I.) -4763 (Tab. II.) 334455 (Tab. II.) 

1- (Tab. L) 1- (Tab. I.) r (Tab. I.) 

!• (Tab. I.) -9473 (Tab. II.) 1276 (Tab. I.) 
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Ex, 2. Eequired the sums of the dual logarithms 

47634512, and 3427565a, -<i««- 81910164, 

'12345678 and '56324217 Ans. '68669895 

'56324217 and 47634512, Ans, '8689705 

'12345678 and 34275652, Am. 21929974, 

81910164, '68669895 

Add together j '^6324217 

^ c 47^34512, 

'8689705 

The comma being with the difference on the side of the 
greater logarithm. 

Add together [ ,f^^%f^ 

21929974, 

Ex. 3. Add together 69314718, and '69314718 

^,(20=69314718, 
U'5)= '69314718 
4,, (i')= 00000000 

94. When a logarithm has to be subtracted the distin- 
guishing comma of such logarithm must be changed, or 
supposed to be changed, from left to right or from right to 
left, and then the logarithm is to be operated with as in 
addition. These directions are analagous to the rules laid 
down for addition and subtraction of algebra. 

JEr. 4. Add together '34566542 and '2145635 and sub- 
tract 12332198, 

'34566542 

'2145635 
12332198 , 

'49044375 
Ex. 5. Add together 12332198, and '2145635 and sub* 
tract '34566542 

12332198, 
'2145635 

10186563, 
34566542, 

44753105, 



t 
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Ea. 6. From 12332198, take '34566548 

12332198, 
'34566542 

46898740, 

Ux, 7. How many places of figures must the decimal point 
be removed to the right or left in the continued product of 
the natural numbers (A), to give the continued product of 
the natural numbers (B). 

(A). (B). 

•56789 point removed 3, to right becomes 576-89 



12345 


99 


19 
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to left 


99 


•012345 


«'0476 
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99 
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to right 


99 
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99 
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to right 


99 
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99 
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to left 


99 


•0001 



2, 

«% If the decimal point be moved two places to the 
right, the continued product of (A) is altered to the con- 
tinued product of (B) (91). 

Ea. 8. How many places of figures must the decimal 
point be removed to the right or left in the continued pro- 
duct of 365^i768; 745483; 1650*22; '000820 divided by 
the continued product of 18*636; 83*344; '22222 



Multiply 




Divide by 




•3651768 


39 


1*8636 


1, 


•745483 


49 


'83344 


2, 


1^6502 2 


3, 


2-2222 

• 


'1 


•820 


'3 








7, 

5, 

The dedmal point has to be moved five places to the 
right (9«). 

95. The comma with the number found for the factors 
of the divisor is changed from right to left or from left to 
right before being incorporated with the number obtained 
for the factors of the diyidend. Thus, in Ex, 8. 9, is 
changed to '2 ; then 7, and '9 together make 5, With a 
little experience, a glance at the numbers to be incorpo- 
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rated and at those whose logarithms are found will be suffi- 
cient to decide the position of the decimal point, without 
entering into any formal method of calculation. 

MrLTIPLICATIOlf BY LoGABITHMS. 

EULX. 

96. Add the logarithms of the factors together ; then the 
natural number answering to the sum will be the product 
required. 

Observing, in the addition, that if the logarithms of the 
ascending branch be considered affirmative, those of the 
descending branch must be taken as negative, after the 
manner of positive and negative quantities in algebra (93). 

Examples. 

Ex, 1. Multiply 95377426 and 12638-1188 together by 
logarithms. 

4, I, (i*2638ii88) = 234i3252, 

|i \, (-95377426)= '4732831 

7> 

i868042i,=4„ (i'20539i24) 

.'. Froduct= 120539 12*4 which is true to the last figure. 

JSSr. 2. Multiply 90986868 ; 194334858 and 295-429627 
continually together. 

2, |, (2'95429627)= 108326047, 
1, f (1-94334858)= 66441255, 
2^ \, (-90986868)= '9445506 

5, 165321796, 

4'»(Ttr)= '£30258509 

'649367 13=4,, (52237607) 
.*. Product=522376o7. 

97* £^ When some quantities have to be added and 
others subtracted to produce a result it is contradictory to 
call such result a sum or difference ; therefore, for the sake 
of order and distinctness, hereafter a result so obtained will 
be called the amount and not the sum or difference; 
further, the misuse of the terms add and subtract, so well 
defined in common arithmetic, will be avoided in such cases 
by using the term collect. 

In Sdc, 2 the amount 165321796, exceeds 10958 121 5^ tha 
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limit of Table I., but when combined with ^, (^) =^ 
'230258509, as directed (86), the amount '64936713 is 
found in Table II. The limit of the logarithms of Table 11. 
being '120677297. 

The rule (96) for multiplication may now be written 
as follows. 

Etjle. 

Collect the amount of the logarithms of the factors to be 
multiplied ; the natural number answering to this amount 
will be the product required. 

Observing that in the collecting together into one 
amount, if the logarithms of the ascending branch be 
considered affirmative, those of the descending branch must 
be taken as negative. 

Arithmetical complement,~~Begin at the left, set down minus 
one, written 1, then take each of the figures from 9 except 
the last figure on the right, which must he taken from 10. 

98. The amount may be found by adding, and subtracting 
avoided, if the arithmetical complements of that class 
whose sum is numerically least, be substituted for the num- 
bers themselves. It requires but a trifling inspection to 
decide which of the two classes of numbers has toe greater 
numerical sum. 

See JExample 1. 

23413252, 

15267169 ar. CO. 

18680421, =4,, (1-20539124) 

See JSxarnple 2. 

1891673953 ar. CO. 

133558745 ar. CO. 

'9445506 
'230258509 

'0064936713; 

or ='649367 13 since a whole number 
is not altered in value by prefixing ciphers to the left. In 
such cases no allowance has to be made on account of having 
to employ arithmetical complements, which is one of the 
Mdvantages of this over any other system. The manage- 
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ment of common logarithms is rendered difficult because 
the decimal part is always taken as positive, while the whole 
numbers or indices may be either positive or negative. The 
common logarithm of '00012345 is made up of two parts 

—4 and 4-*09i49ii written 4.0914911. 

JESr. 3. Multiply '00285095 x 82-550825 x '0092730306 
by logarithms. 

'3 ^, (2-85095) = 104765225, 

'3 w, (-92730306)= '7547488 

2, 4,, 082550825)= M91 75607 

'3 78o42i30,=|,(2-i8239i5i) 

.-. Product=-oo2i8239i5i (91) (92) (93) 
with the arithmetical complements of the logarithms. 

104765225, -V 

_^i 24525 12 >Add. 

180824393 ) 

1,(218239151)= 78042130, (97) (98). 

JEx. 4. Multiply '159037822 X -2778189 x -00290188 by 
logarithms. 

'1 {, (1-59038822)= 46397186, 

'1 v,(2'778i89) = 102179928, 

'3 I, (2-90188) = J06535881, 

^ l» CO = 7769741491 =ar. CO. '230258509 

'3 4,, (1-2821783) = 24854486, 

.'. Product=-ooi282i783 (91) (92) (94) (98). 

Examples fob Pkactice. 

Ex. 5. Multiply 4*0763 by 9*8432 by logarithms. 

Ans, 40'12383. 

Ex.6. Multiply 2876-9; -10674; -098762; and 

Division by Logaeithms. 

Efle. 

99. If the comma appended to the logarithm of the divi- 
sor be on the right, remove it to the lefb ; if on the left, 
remove it to the right ; then find the amount of the lojB;a- 
rithms of the dividend and divisor, the number answering 
to this amount will be the quotient required. 

E a 
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EXAMPLXS. 

JSx. 1. Divide 4640-91 by 266*445347. 

Am. 17'417868. 

4, I, C464091) =123232537 

' I, (a-66445347)=ro20ooi04 



2, 
1^ 

1, 



230258509, 1, (10-) 



1,(1-7417868) = 55491150, 
.\ Quotient= 17-417868 (94) (97) (98). 

-Er. 2. Divide 46-4091 by 2664-45347 

2, I, (-464091) ="123232537 

Diff. "T 4^* (2*^^445347) ="102000104 

230258509, I, (10-) 

JFor A,(io') '1 I / ^ ofiON 

;7 •'• l> (17417868) = 55491150, 

.-. Quotient=-oi74i7868 (92) (94) (98). 
JEx. 3. Divide 464091" by '00266445347 

6, 4,, (-464091) =123232537 

Diff "9 ^' (2*^^445347) = ro2oooi04 

230258509, I, (10-) 

Per 1,(10-) '^ ^^ (x.74x7868)= 55491150, 

/. Quotdent= 174178680. 

•74.44. *^8 

Ik. 4. Eequired the value of 1174 o Til: ^ 
^ ^ '^ '8197015 

I, (1-174)= 16041673, Jr, (•744438)='295i2575 

4,, (•8i970i5)='i988i5o8 ; 

Then, _i 6041 67 3, 3, 

170487425 o 
19881508, o 

^(1-06620547)= 6410606, 3, 

/. io66'20547=the required value* 



" 
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Examples eob Pbaotice. 

JEx. 5. Divide '0678593 by 1234-593 by logarithms. 

Ans, '0000549648. 

JEro?. 6. Divide 199567 by -048235 by logarithms. 

Ans, •413739- 

JEx. 7. Divide 10*23674 by 496523 by logarithms. 

Ans. 2-061685. 

The Bitle of Thbee by Looabithms. 

Ettle. 

100. Add the logarithms of the second and third terms 
together, and subtract the logarithm of the first from their 
sum, then the natural number answering to the amount, 
found according to the foregoing rules, wSl be the fourth 
term required. 

Examples. 

JE5r. 1. Find a fourth proportional to 37*516227 ; 
14*7732974 and i35*«396o6. 

^, (-37516227) ='98039667; I, (1-47732974) =39023624, 

4r, (i-352396o6)=3oi87789, 
1, 39023624, 

30187789, 



2, 



3, 
1, 



2i 
2, 



98039667, 

167251080, 
•230258509 

'63007429 

A II 

'6 1 0,0,2,0^8,9,8,0, 

•53255223 (85) (86) (97) (98). 
Therefore 53*255223 is the fourth proportional required. 

^x. 2. Find a fourth proportional to "056722234; 
•71882751 and -34728582 by logarithms. 

4,, (-56722234) ='56700394; 4r, C7i88275i)='330i3389 
and 4r, (•34728582)='i0576o7i6 
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These logarithms may be set down in the following order 

o '33013389 

o '105760716 

1, ^43299606 

1, '82073711 

II 



Y8'3 1 0,0,0,1,9,0,7,2, 



•44010713 (85) (86) 
/. 440 1 07 1 3 = the fourth proportional. 

Ux. 3. Piud the interest of £279. ss. for 274 days at 4^ 
per cent, per annum. 

2, 4^, (I'oo) 000000000 

3> ^, ('365) 100785793, with comma moved. 

a, l> (2*7925) 102693726, 

2, I, (2*74) 100795790, 

1, if C45) 120149231 ar. co. 

224424540, 
4r, (10) '230258509 

'5833969 
II 

V5'8'o'8'3'9'9't 

•94332951 

Ans. £9*4332951. 

Examples tob Fbaotics. 

JSx. 4. Pind a fourth proportional to 12*678 ; 14065 and 
100*979. Ans, 112 0263 nearly. 

Ux, 5. rind a fourth proportional to 1*9864; '4678 and 
50*4567. Ans, 11*88262 nearly. 

JSx, 6. Find a fourth proportional to '09658 ; *24958 and 
*oo8967. Ans. *023i7234 nearly. 

Ux. 7. Fii^d a mean proportional between '498621 and 
^ 9587 . Ans, 1 7 5562 3 nearly. 
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Ikvolftiow, OB THE EAisixa OP Powers. 

Bfle. 

101. Pind the logarithm of the given number and multi- 
ply it by the index of the proposed power; the natural 
number answering to the result will be the power required. 

Examples. 

JEr. 1. Find the square of 2-75606318. 

Jr, (2-75606318) = 101380328, 

2 for the square. 

202760656, 
1, I, CO ' 230258509 

I, (759^849) = '27497853 

6 

.-. Square=7-5957849= '2'6'4i| 4,6,5,4, 

JEx, 2. Pind the cube of 7*2536238 by dual logarithms. 

1, I, (-72536238) ='32 108405 

3 3 for the cube. 

3, I, C38i64972)='963252i5 

6 

.-. Cube=38r64972= 9' i'5|8 4,5,3,3, 

JEJr. 3. Pind the fourth power of 7-64926. 

1, 1,0764926) = '26797623 

4 4 for the 4th power* 

4, I, (-34235572)=' 1 07190492 

' 107165950 

'o'o'o'2'4'5'4'2 
.'. 4th power=3423-5572='io'i'8'2'4'5'4'2 |* 

Ex, 5. Pind the 5th power of '86108347. 

o, I, C86io8347)='i4956388 

5 5 for the 5th power. 



\> C4733977i)='7478i940 
.'. 5th power = '47339771 
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Ex. 6. Pind the 365tli power of i 0062 1623 by dual lo- 

garithms. 

I, (i-oo62i623)=6i97oo, 

365 

3098500 
37182 
18591 



4,, (9-6oi36224)=:226i90500,=:8 4„ 1,8,7,5,5,4,1,4, 

Examples ros Psactice. 

Ex, 7. Eequired the square of 6*05987 and the cube of 
•176546. Ans, 3672203 and -005502674. 

Ex, 8. Required the 4th power of '076543 and the 
7th power of 1*09684. Ans. '0000343259 and 1*909864. 

Etolftion, • 
ob the extbactioir of eoots by dual loqabithms. 

Efle. 

102. Eind the logarithm of the given number, and divide 
it by 2 for the square root, 3 for the cube root, &c., and the 
natural number answering to the result will be the root 
required. 

If the root be expressed by a fraction, multiply the loga- 
rithm of the given number by the numerator of the index, 
and divide the product by the denominator, for the loga- 
rithm of the root so expressed. 

Examples. 

Ex. 1. Pind the square root of 1579*15522. 

2)3, 4^(i-579i5522)= 45689003, 
1 and 1 over \^ (10*) = 230258509, 

Eor the square root 2)275947512, 

\. (3-9738586)=i37973756,='o'o'6'5'5'3'8'o f 4 
/. Square root = 39738586. 

Ex, 2. Eequired the cube root of 35*64188. 
3)2, ^ (-35641 88)='i03i64887 

"o and fl over \^ (i^') = 460517018 , 

For the cube root 3)357352i3i, 
I, (3-2909414)= 119117377, 
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JEx. 3. Eequired the 5th root of 2-13768341. 
I, (2-13768341) =75972273, 

Divide by 5 for the 5th root 15194455,=' i'i'3'8 T i,5,7, 

I, (1-16409567)= 15194455, 

Ux. 4. rind the 365th root of 2*13768341. 

365)^5972273, =1^ (2-13768341) 
4,, (100208359)= 2o8i43,=4„ o,o,2,o>8,2,4,3, 

JEx. 5. Pind the value of (181078553)*. 

3, I, (1-81078553)= 59376074, 
2 2 



3)6, 3)118752148, 

2, 4,, (1-48563228)= 39584049,=! 4,1,4,6,5,1,4,4, 
.'. 148-563228 is the required value. 

JEx. 6. What is the value of (-66665095)*. 
I, (-66665095)= '40548877 



4)'! 21646631 



!, (73777491)= '30411658 

JEx. 7. Find the cube root of '000213768314. 

The decimal point has to be changed four places to the 
left in 2*13768314 to produce the given number; then 
3)^ 

'1 and '1 over. 

1,(2-13768314)= 75972273, 

'230258509 for the '1 over. 

Por the cube root 3) '154286236 



4f, C5979265) = '51428745=V9'3 1 6,0,9,1,7 
/. Cube root = -05979265 
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JSx. 8. Pind the value of ('0066665095)? by logarithms. 

The decimal point has to be removed two places to left 
in '66665905 to produce the given number ; 

then '2 
s 

7)5 

o and '4 over 

7" 
Bat a moment's reflection will give such results without 
a formal calculation. 

(•66665095) = '40548877 
(•01) = '460517018 



t 



.'. I, (-0066665095) = '501065895 

2 



7)'ioo2i3i790 
4^,023892233)= '143161684 

Eedtjctioit. 
'143161684 

'o'4'5'i'i'8'6'i t ^='23892233 

Examples fob Fbactioe. 

JSx. 9. Bequired the square root of 365'5674 by loga* 
rithms. Ans, 19* 11981 nearly. 

Ex, 10. Eequired the cube root of 2*987635 ; the 4th 
root of '967845 ; and the 7th root of '098674. 

Ans, i'440265; -9918624 and -7183146. 

Ex. 11. Sequired the value of (-— — j 

-4/?*.* 19371 15. 
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CHAPTER VII. 

Application op Dual Logaeithms to the Solution 
OP Miscellaneous important Pboblems. 

JEx. 1. How much would £i amount to in 52 years at 5 
per cent, compound interest? Ans. £12*6428054. 

1-05 

II 

'0'0'l'0*0'l'0'l I O 5,0,0,4,0,0,2, 

4879016, 

4879016, X 52 = 253708832, 

II 

4,, (12-6428054) = 10 4^,2,4,4,0,8,3,5,5, 

£20 at the same rate and for the same time would 
amount to £252*856108=20 X 126428054. 

JEx. 2. If £20 amount to £252*856108 in 52 years, com- 
pound interest, what is the rate per cent, per annum P 

2m8, 5 per cent. 

252-856108 ^ o 

— i^ — = 1 2*6428054 

20 ^ ^^ 

Ex, 3. In how many years will £20 amount to 
£252*856108 at 5 per cent, compound interest? 

Ans, 52 years. 

20 t .TT 

^ (1 8-6428054) _ 

I, (»05) -^^ y"""- 

JUx, 4. In what time will £1 amount to £2, or in other 
words, in what time will a sum of money double itself at 
5 per cent, compound interest? Ans. 14*2067 years. 

|>(2) _ 693i47i8 ,_ . 
I, (1-05) 4879016, 
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JEic, 5. In what time will £1 amount to £1035256190, 
the national debt of England, at 5 per cent, compound 
interest ? Ans, 425'453 years. 

1035256190* a 

^^ ^, ^ ' =1035356190, 

4^, (io35256i9o0 _ 2O7579H83 ,_ ^_ 

~uy^) — - 4879016,-^'^ ^53 y™- 

JS^. 6. What will £200 amount to in 25 years at 6^ 
per cent, compound interest, supposing the interest to be 
receivable half-yearly ? Ans, £989766784. 

It is evident that the amount will be the same as £200 
for 50 years at 3 J per cent. 

1,(1-0325)= 3198304, 

50 



4,, (989*766784) =4 1, 22233762 = 159915200, 

These solutions will serve as models to show how all 
similar questions of compound interest may be solved ; the 
principle, amount, time, and rate of intereist, being altered 
to suit each particular example. 

103. The circumference of a circle whose diameter = 1 is 
generally represented by ^=3*14159265358979 nearly. 

3-14159265358979 

i2"of 
3 

'o'6'o'o'o'o'4'o'3'4'o'o'o*o'o'o'oT 0,0,1,0,6,0,0,0,0,0,1, 

^ 1,4,0,7,2,8, 

^^5924291 847653583 
ar. CO. 14075708152346417 

10 _ 1* _ 3* 

T "" -5" ~ -9" 

I, (3) =109861 2288668 10969, 
minus 'i 'f = 2^536051565782630, 

14075708152346417 



/. 4,, (7r)=ii44729885849400i6, 
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BULE. 

8 

Multiply the diameter of a circle bj — and ^6^ i:0,6, 

and the product will be the circumference nearly. 

JSa. 7. The diameter of a circle is 34 feet ; what is the 
length of the circumference ? 

3)3 40- 



1 1 



3-3 
68 

1 



33 
00 

70 

2 



33+ 
00— 

oo-f 

27- 

2 + 



6f 
1 



1 0670 108 
1 067 



10680 



778 
641 



Cicumference = 1 o 6-8 1 4 1 9 

Ua. 8. !Find the length of an arc of a circle of 
23^ 29' 29''*28; radiu8=i. 

Length of 180°= 3- 141 59265 . . . 

3'i4i59265 :: 22° 29' 29"-28 : -39255015 
6o)29"-28 

60)29' -488 



180^ 



22' 



•4914666=10 X2(ii2457333) 
= 10x2111740371, 



104. Seduction of the ratio of 
aSo : 3*14159265= 10* X '9X2 



= 1 






= 1 



'5924292 f V 
'5924292! ^^ 1 
'if 



10x6 



'5924292! ^ 1 
'10536052^ 60 
^1 4611760, 



This ratio being constant may be applied in other cases. 
Mult. 



ult. 10x2 A 11740371, 
by -^l 4611760, 



•39255015=1 >ti6352i3i,=Kii776504M. 
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Ex, 9. Pind the length of an arc of a circle of 
95° 34' 48"-96 radm8=i. Am. i'668i9oa. 

6o)48"-96 
60)34' -816 

95° -5802666= io«('9558ofl666) 

I, C955802666) ='4520386 
Constant {Ex, 8.) 4611760, 

4,, (100091411)= 91374, 
100 10 ^ 6)100091411 



60 6 " 16681902 

Ex, 10. The diameter of the earth in latitude 45° is said 
to be 7896-2814 statute miles, what is the area of a circle 
of this diameter ? Ans, 48906550* sq. miles. 

105. If D be the diameter of a circle and (7=-= 

4 
78539816, then the area 

=Z)* X a or 4., (i>») -f >t, (C)=>J„ (area) 

4.-.. .-. I, (78962814) ='2368247 1 
2 2 



8, I, {!/) ='47364942 

\. (78539816) ='24156447 

\, C48906550) ='71521389 

Ex, 11. The angles of a right-angled triangle being given, 
to find three sides that will contain these angles. 

106. In solving this problem 

the numbers 1 3 6 10 15 21 28 36. .. . 

and also 2 6 1 2 20 30 42 56 

will be required, see tables (23) (49). 

7; 75=1 -f3^-f6:r*-flOa:»-f 150?*+.... . 

EULE I. 

To find the hfpothenuae. 

Set down 10000* times the length of the arc that 
measures the least of the acute angles and divide it by 

\/2 = 1*4142136, the quotient will be the dual logarithm of 
the hjpothenuse. 
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EULE II. 

To find iho'lase and perpendicular. 

Let h represent the dual logarithm of the hypothenuse, 
found by Kule I., and from the square of the h take h ; 
then A*— 3^ + 2; A'— 5^+6; A'— 7^+12, &c. are found 
by merely subtracting 2A and adding at each step a term of 
the series 2 6 12 20 ... . 

In what follows [A*— ^] is put for }?—h divided by 10®; 

[A*— 3^+2] for A*— 3^4-2 divided by 10®; 
and so on. 
Put ^=the length of the arc to radius 1, and JB=[A'— A] 

C= j[A»-3^+ 2]; i)=^[A«-5A+ 6];^=:~[A«-7A+ 12] ; 

i/'=-?[A«-9A4-20]; &c. 

Then -4— C+JS?— Q-\- J— &c. gives the base and 

Eadius— JB4"-D---y+-2r— &c. gives the perpendicular. 

These rules are demonstrated in the author's work on 
the science of dual arithmetic applied to Trigonometry. 

Ex, 12. Pind the three sides of a right-angled triangle 
that will have one of its acute angles equal 21° 19' 37"*8. 

The length of an arc of 21° 19' 37"-8 = -37222928, 
radius =1* 

3722 292 _^g Q_^ and A'= 6927732. 
1-4142136 "^ ^ 

Then, according to Eule I. of the last example, 2632, is 
the dual logarithm of the hypothenuse. Therefore (85), 

\, (1-00002632) =2632, 

Hypothenuse = 1-00002632. 

6927732- 
2632- 

6925100-=^*-' A 
5264- 

69i9836-=7*'-^^3^ 
5264-, 

69H572'=^'— 5^ 
&c. &c. 
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Hadius = i *oooooooo + 
Length of arc ^=: •372229284- 

^= •o6925ioo-=[J^-A] 

C= 858589- =[A«- 3*+ 2]— 
D= 79808 +=[*•- 5h+ 6]^ 
-2?= 593o+=[A»- 7A+i2]^ 

Jtr 367-=[y- 9i+20]^ 

G= i9-=[A«-ii*+30]^ 

H^ H.=[^«- 13^+42]^ 

A 37222928+ £adiu8= 100000000+ 

C 1141411 ar. CO. B 1 3074900 ar. co. 

JS 5930+ 2> 79808 + 

G 181 ar. CO. F 1633 ar. co. 

Perpendiculap=*36370250 -^ ^ + 

Base=-93154342 

1 00002632; '93154342 and '36370250 are the sides of 
the required right-angled triangle. If necessary we may 
now find the sine and cosine of any angle as 21° 19' 37"'8 
true to eight places of decimals ; 

8ia2x°x9'37"-8=j;||-;^=-36369293 

Ua:, 13. Given the three sides of a plane triangle respec- 
tively equal 789123456 (a); 12345*67891 (h); and 
8912-34567 ((?) to find the area. 

Put 2s=«+5+c. Then it is well known that the area is 
equal -/«(«— a) (5—5) («—c) ; or 

^, (Area)=i [|,«-f 4^, («— a)-|, («-5)+ Jr, («-<?)] 

«=4574*62957; *— fl=6683-3950i ; «— &=2228-95o66j 

«— c=5662-28390 
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4, 4^, (*) 


37669724, 


4, 1, (*-o) 


159704096 ar. CO. 


3, 1, (s-h) 


80153092, 


4, 1, («-c) 


143124223 ar. CO. 


2)15, ^,(10) 


230258509, 


7 and i over 


2)250909644, 



125454822,=4„ (3*50625396) 
:. Area= 35062539-6 

See '' Dual Arithmetic, a new Art,*' page 106. 

107. If a musical string be stretched over two edges, and 
a force applied at the middle to draw the string from a 
straight position, then free the string, and the elasticity 
that resisted the force will operate to reform the straight 
position. In a similar manner as in the pendulum, the 
string has obtained a momentum when it reacnes its straight 
position, which must be discharged before it can come to rest 
through a series of vibrations. The pitch depends on the 
number of vibrations in a unit of time, and the number of vi- 
brations dependon the weight,length,andtensionofthestring. 
Suppose an edge placed at the middle of a string and one 
half of the length set vibrating, it will make twice as many 
vibrations as the whole string would do in a unit of time, 
and the different pitch of tones thus produced is called an 
octave. In the chromatic scale an octave is divided into 
twelve equal parts. Let Z be the length of a string that 
will sound a given note, say C, and I the part of the same' 
string and of the same tension that will sound any note 
above C. 

Put m for the number of octaves above C, and n the 
position of the note in the next octave above the nth. 



Then Zrr-T^;— or Z(a)"'+"=Z. 



71^^^ or Ha;"'''^ 

.•• >^,(o=^^,w-(^+^)>^,(2•) 



JSr. 14. Let the length Z=37|- inches and sounds the 
note Of what lengths of the same string, with the same 
tension, will sound B and O sharp P 
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For the Dote B 971=0 and 91=11. 
.-. I,(0=>t,(37i)-H>^,(20 

= 131170545,-63538492,4- \, (10) 
=67632053, +|»(io) 
I, (i-96642704)=67632053, 
/. 19'6642704 is the length that will sound B. 

For the note O sharp 971=1 and 9i=8. 

= 131170545,-115524530,+ 4^, (10-) 
= 15646015,+ 1,(10) 
15646015,=!, (1-1696414) 
.'. 11*696414 inches the length to sound G sharp. 

Mjo. 15. What is the solidity of a globe whose diametc 
(2>) is 7896-2814 miles? Am. 

2)«x^=solidity 

I, (Solidity)=3 J, (2>)+ 4., (x)- I, (6) 
= 3 1, (^)+ '64702958 

4, ^,(-78962814)= '23682471 
2_ 3 

12, '71047413 

'64702958 constant. 

'135750371 

\, (2») = 138629436 , 

Jr, (1 'O292O9O5) = 2879065, 
1029209050000* ^ , . ., 

— 2 — ±-ii =257302262500* cubic miles. 

4 

JSx. 16. What is the diameter of a globe the solid contei 
of which is 8ooo* cubic feet ? 

I, (8000) = 3 X, (2)) + '64702958 

. , ,^v 4>(8oQQ) -'(64702958 ) 



i 



3 

,(8) =207944154, 
,,(168) = 690775527 , 

898719681, 
64702958, 

3)963422639, 

321140880, 
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321140880, 
I, (10) = '230258509 

I, (2-48140158)= 90882371, 

/. 2>=24-8 nearly, 
Othebwise, thus, 

^. (i,)=i:d^_.„567653 

=2bii) + 2i667653,+|,(io) 
41^=69314718, 

21567653, 

I, (2-48i40i58)=9o88237i, 

(92) (93) (94). 

Ha, 17. Find the area of an ellipse, whose transverse 
diameter (f) is 243 and conjugate (c) = i8'4 feet. 

. tXOXir 
Area= ; 

4 * 
;. I, (Area) = ^ (t)+ |, (c)+ |, (tt)- |, (4) 

1, 1,(2-43) = 88789130, 
h 4^,(1-84) = 60976550, 

^' (P ^75843553 ar. CO. 

I, (3*51 167 18) =125609233, 
.-. Area= 351*16718 

Sa. 18. Determine the solid content of a cylinder whose 
altitude (a) is 72*3 feet, and the diameter of its base 
24*5 (h) feet. Ans, 34084-6643 feet. 

Solidity =5'x-X a; 
.-. I, (Solidity)=2 ^, (h) + I, (p + I, (a) 



2, 



2 4^, (2.45) 


= 179217600, 


i-0 


^75843553 ar. CO. 


1. C723) 


^6756539 » ar. CO. 

1 
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2 

"2", 
2, 

4, 

^, (3 40846642) = 122626544, 
.'. Solidity=34o84-6642. 

Ux. 19. Find the solidity of a cone the diameter of who^e 
base is 20 3 feet (d) and altitude 25*2 feet (a). 

Ans, 2718*7 nearly. 

Solidity=rf' X - x -=ad* x — 
^ 4 3 12 

.-. 4., (Solidity ) = 4. (a) + 2 4., (rf) + ^, (^) 

= >t, («) +2 J,, (^) + '134017676 
h 2 4,, (2 03)= 141607140, 

Jr, (2-52)= 92425890, 

M — ) 1865982324 ar. CO. 

^(271869919)= 100015354, 

Solid content = 27 1 8*699 1 9 

JEa:, 20. The transverse or fixed axis of a prolate spheroid, 
/=i85, aod the conjugate or revolving axis 0=145; what 
is the solidity P -4«*. 203660264 

Solidity=^c»^; 

.-. I, (Solidity)=2 4,, (c)+ I, (0 +4, (^) 

2, 2 4,, (145)= 74312702, 

7- 4^,(1*85)= 61518560, 

.4» 

6. 



2 
3, 



4'» (g) 'i'35297042 ar. CO. 

4^, (2 03660264) = 7 1 128304, 

;. Solidity= 2036602 64 



l^ITAL AKITHMETIC. 123 

Ex. SI. Determine the content of an oblate spheroid 
whose fixed or minor axis (c)=i45*> aJ^d whose revolving 
or major axis (^)=(i85). 

Solidity=gX^'c; 

.-.I, (Solidity=2 I, (0+1, (c)+^ g) 

2, 4,, (1-45)= 37156351, 

2, 2 1,(1-85) = 123037120, 

I, /g) i"35297042 ar. co. 



^y 



6, Jr, (2-5984238)= 95490513, 

/. Solidity=2598423-8 

Ex, 22. What is the yalue of 

\/2696i-5586«+4544-2i276*? 

26961-5586=10*2 \ 29867987, square= 10*2*^59735974, 
4544-21276= loV^ 12756017, Bquare=ioV^ 25512034, 

Then the given expression becomes the square root of 
V 00 Of, ^ j^ 255 1 2034, ^ 1 082'' ) ^ 

C 2' ) * 

10*2 ^ 12756017, 14,34223940, + — ,j 

but 4.34223940,= 1 40817734 

and 2' 

— i=-04 

10* 

4r, (i-448i7734)=3703057o, 
10*2 4r 12756017, * 37030570 ^^^43 j^ 31271302 

= 10*2(1-36712907) 
= 27342-5814 

108. This and the next example should receive particular 
attention. 

Ex, 23. What is the value of 

^/2696l5586«^-4544•2^276«? 

269-615586= io«2 4, 29867987, square= 10*2* \ 59735974, 
4544-21276=1 0*2'^ 12756017, square=io®a*^*iSS^^^^'^^^ 

G 2 



124 DUAL ABITHMETIC. 

Then the given expression is reduced to the square root 

V o^ o^> (4,25512034, lOV) ' ^ 
10*2 Jr 12756017, { ^ 34223940,+ 10*2' } * equal 

loV 1 12756017, I ^^Jr 34223940;-?- 1] ; 
but 34223940,=(i-4o8i7734) 

/. loV 4, 12756017, 4r^^^i^'=10'2*4r 12931731, 

=4552*20464 the value required. 

With tables I. and II. the process requires little mental 
labour, each step is registered to prevent obscurity. 

Ua. 24. Steam of 60 lbs. pressure to the square inch has 
« temperature of 295°'6 Fahrenheit, how many units of 
heat does it contain according to Eegnault P 

Units of heat=i09i-7 + (^— 32)-305 
= 10917 -f- -305(263 6) 
= 1172098 

JSa, 25. What is the pressure of steam in pounds to the 
square inch at the temperature of 295°'6 Fahrenheit ? 

Let P be the required pressure, then by the usual em- 
pirical formula 

I' being the temperature of the steam in degrees of Fah- 
renheit's thermometer. 

205*6 

-—+•52= 199326732 

6|, (I*99326732)=4i3865ii4,=|, 062707979)4-1, (io«) 

.'. P=62*7 lbs. nearly. 

JSx. 26. How many cubic feet of steam of 55 lbs. pres- 
sure on the square inch will a cubic foot of water produce ? 

The volume VI may be found from the empirical formula* 

V _ 17000 
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JP being the pressure in lbs. 

2^>t,W=7^(4007333i9,) 
4d 43 

=372775181, take 
>t, (i7o) =5i3579«38 , from 
J', (4'o8796i8)= 140804657, 

.-. ^=408-796.8 

•*■ 4 8 

.-. F=4i 8-79618 4, 2,=5o6-74338 

So that a cubic foot will make 507* cubic feet of steam of 
55 lbs. pressure on the square inch. 

JEas. 27. Prom what depth will a steam-engine of 40 
horse-power (J2P.), raise 36 tons of coals per hour? 

109. A unit of work is equal that amount of labour 
required to raise one pound, in the direction of the plumb- 
line, through the space of 1 foot. If 8 lbs. be raised 7 
feet, in the direction of the plumb-line, 56 units of work 
will be performed. Should it take the same force to move 
a railroad carriage on a level rail and the carriage to be 
moved over 100 feet, then 800 units of work would be 
expended in this labour. Units of work thus considered 
do not involve time as an element; however we have a 
larger imit that involves time ; namely 33000 lbs. raised a 
foot high in a minute or 550 lbs. raised a foot high in a 
second. This last unit is technically termed a horse-power. 

.'. 40 horse-po wer= 33000x40 =132000 units 01 work 
performed in an hour. 

36 tons =80640 lbs. to be raised in an hour. 

-|-^ =57*3 feet, the required depth. 

110. A railway carriage only requires a pressure of -^^ 
part of its weight to put it in motion, or about 8 lbs. to the 
ton ; the fraction -^ is called the coefficient of friction. 
When a cart is drawn on a common road, the resistance to 
i'riction is between -^V &nd -^ of the whole load, -^ and -^ 
are termed coefficients of friction in this case. If a horse 
draws a ton on a common road, when pulling with the 
force of 80 lbs.y then -^ is the coefficient of friction. 

JEx, 29. What must be the effective horse-power of a 
locomotive engine which moves at the uniform, yel^^i^fc^ ^1 
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aS'S miles an hour upon a level rail, the weight of the 
train being 52*3 tous, and the friction 7*7 lbs. a ton, the 
resistance of the atmosphere being neglected P 

52*3 X 7*7= resistance to friction ; 
'Jl-^^feet passed over in a minute ; 

^ X 52'3 X 7*7 = units of work due to friction 

=25-5 X 880x523 X7'7- 

Since the velocity of the train is uniform, the work of 
the resistance must be equal to the effective work of the 
engine. 

255x88ox5g'3X7.7 _ 25-5x8x 14-1 X77 _ 

33000 "" 100 "" 

27*68535 horse-power. 

JSx. 30. In a condensing engine the length of stroke (JO), 
= 6*4 feet, the steam cut off at 2=2*8 feet, and the pres- 
sure of the steam in the cylinder (P) =48 lbs. on the square 
inch ; how many units of work is due to 1 square inch of 
this piston in a stroke P 

Units of work=4-8 x 28 (1 ^kEtdsiiD^ . 

but, 4r, (6-4) = 185629790, 
and I, (2-8) = 102604150, 

83025640, 

/. 4-8 x 2*8 x 1 -83= 245-952 units. 

This last continued multiplication may be performed by 
dual logarithms. The effectual force on a square inch 

throughout the stroke = — ^ (1*8302564) = 

o*4 

2*1 (1*8302564) =38*4353844 lbs. 

Mc. 31. The pressure of steam upon the piston is 65 lbs. 
to the square inch, the length of the stroke=ii*6 feet, the 
steam is cut off when 2*4 feet of the stroke is made ; find 
the units of work done on each square inch of the piston. 

Logarithm of the required units of work= 
MilfciLlii)^ 1.57553639 to which add 1. 
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Then, 

j, (2 •57553639)= 94605786, 

4,, (2-4) =_ 87546870, 

^y ('6s) 156921701 ar. CO. 

I, (4-01783636) = 139074357, 
.*. 401*783636 units of work required. 
See " Dual Arithmetic, a new Art," page 147. 

JSr. 33. Suppose the cylinder in the last example to be 
88 inches in diameter, and the piston to make 16 double 
strokes a minute^ that is, 16 revolutions of the crank; 
what is the horse-power of the eugine ? 

(88)'x-X32X40ii78 

Horse power= i- , then 

*^ 33000 

2, 4^,088)= '12783339 

2 

— 2 

4, 



'25566678 

4„(^) = '24156447 
2, I.C32) =^113943429 

2, Jr, (4'01783636) =7860925643 ar. co. 

324592197 
5, I, ('33) 1-10866269, divisor. 

I (2-36964634)= 86274072, 
/. 23696 the required H.P. 

111. When the motion of a body is uniform, it is evident 
that the space described is equal to the units of time multi- 
plied by the units of space passed over in each unit ot 
time, or space=timex velocity. 

The resistance of the atmosphere being neglected, when 
bodies fall freely near the surface of the earth, the force of 
gravity gives them equal increments of velocity in equal 
intervals of time, since the force of the attraction of the 
earth is considered constant. It is also stated that experi- 
ments show that at the end of one second the velocity of a 
falling body is nearly 32^^ feet a second. 

I»(32i) =347093071, 
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Taking these premises for granted, the velocity of a falling 
body at the end of two seconds=2 x 32^ feet, at the end of 
3 seconds =3 x 32^ feet ; or generally the velocity ry=:time 
<,X3H; or 

/. 1,(1^) =(0+347093071, (I.) 

A similar process of reasoning will show that the velocity 
at the end of ^ a second will be 163^ feet, and this being 
the mean velocity during a second, a body must describe 
16^ feet in the nrst second. The velocity of a body at 
the end of 2 seconds being 32^ x 2, the mean, velocity for 
the time, in this case, being 32^, hence the body must 
describe 4 x 16-^ feet in 2 seconds ; again, the Telocity of a 
body at the end of 3 seconds =32^ x 3 and the mean velocity 
for this time, or the velocity for i^ Becond=32j.xf. 

.*. 32ixf X3=iftjVX3' thespace 
passed over in three seconds. G-enerally the space «, passed 
over in the time t,^=i6^jXf for the mean or uniform 

velocity acquired in half the time=32|- x - 

and 32ix-x^=i6^x<*; 

.-. s=zi6^xf 
or I, W=2 4,, (0 + 277778353, (II-) 

Ua. 33. Through what space will a body fall in 2*47 
seconds ? 

4,, (247) = 90421810, 

2 



180843620, 
277778353, constant 

4., (98-i227924)=45862i973, 
Also, i, (*)=2 4,, (0+47519544,+ Jr, (10). (II.) 

Ua. 34. Prom what height would a body fall to acquire a 
velocity of 217 feet? Ans. 1989-67521 feet. 

From (I.) Jr, (0=4^, (»)- 347093071, and 
from (II.) i, (0=14', (*)- 138889177, 

.-. il, (*)=4r, (t?)- 347093071,+ 138889177, 
.-. ^, (*)=2 |> (v) -416407788, 

=24,, (»)-4r, (lo'') +44109230, (III.) 
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Then the solution of the example may be arranged thus : — 

2, ^y (217) = 77472710, 

3 

— 2 

4, 



154945420, 
^ 441 09230, 

2, Jr, (i9;896752i)=299053650, 

Patting y for 32^, (HI*) m&7 he also estahlished as 
follows, 

Since t>=y^ and *=^x^, therefore, 

^=- and *=-; X -= — . 
y y* 2 2y 

That is the space passed over is equal to the square of 
the velocity divided hj 32^x2. The resistance of the 
atmosphere is not taken into account, nor do we say that 
the number 32|- is correct. 

JSa. 35. In what time will a body fall 2^ miles ? 

Ans. 90*593841 seconds. 

2*5 miles=528ox 2^=132000 feet. 
From (11.) I, (,)^^-(^)+'^J7778353 

4^,0*32) = 27763170, 

2)5, and 1 over 230258509, 

2, 258021679, 

'277778353 constant 

2)^19756674 

1090593841)= '9878337 
•*. the time= 90-593841 seconds. 

112. To determine the units of work accumulated in a 
body moving with a given velocity it is only necessary to 
find the height from which a body must fall to acquire the 
given velocity, then the required units of work=the height 
found in feet x the weight of the body in lbs. 

Ux. 36. How many units of work are accumulated in a 
round shot weighing 218 lbs. moving with the velocity of 
1000 feet a second? Ans. 3388602. 

^ (looo)* 654000000 ^^^ 
. o 3 
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If tc=the weight, t^sthe velocity, and Z7=the accumu- 
lated units of work in the moving body, 

Then, |, (0^=2|> («)+ |, (w) + 44109229, —|, (io») 

Ex, 37. How many units of work are accumulated in a 
cast-iron shot 13 inches diameter weighing 235*851319 lbs. 
when moving with a velocity of 1234*321 ^t a second ? 

-4n«. 5585454*13 units. 



3. 
2 



s I, (1*234321) =42104204, 



1^ I, (2'3585i3i9)=85803i4i, 



6, 



44109229, 
I, (558545413)= 172016574, 



Ea, 38. Suppose the length of the bore of a gun to be 
16 times the aiameter of the ball, what is the mean pres- 
sure on a Bj^uare inch of the great circular section of the 
ball perpendicular to the axis of the gun carrying the shot 
of the last example ? Aim. 3086*6409 lbs. 

Let OS be the mean pressure on each square inch of 
cross section, then the units of work developed will be 



TT 



3 



a? X 12' X - X 16, which is therefore=5585454*i2. 

. 558845412 

• • •&— • 

144 X 16 X- 
4 

6, Jr, (5-585454i2)=J720i6574, 

'2 j, (1*44) 163535690 ar. CO. 

^ \, (1*6) 152999637 ar- CO. 

\^ f - j 241 56447, comma moved. 

(3*0866409)= 1 12708348, 

^. 39. Taking the data of the previous examples, what 
length of bore would be occupied by 1260 ounces of gun- 
powder, which is about \ the weight of the ball ? 

Ans. 1*71214717 feet. 

Since a cubic foot of gunpowder weighs 937 ounces, 

=the content of the powder in cubic feet. 

937 ^ 
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IT 

Let X be the required length of bore, then i' x - x ^= 

4 



the content in cubic feet also ; 

1260' 



d?=- 



7x937 
4 



3, 1,(1*96) =23111170, 

24156447, comma changed, 
3, I, C937) 6507209, comma changed. 



Mi) 



(1-71214717)=53774826, 

JSx. 40. With a charge of gunpowder filling 15 inches of 
the bore of a gun 16 feet long and 12 inches diameter, a 
cast-iron round shot weighing 235 lbs. is projected with an 
initial velocity of 1000 feet a second ; what is the pressure 
on a square inch before expansion, supposing the force deye- 
loped DjT exploding the powder to be confined to the space 
it occupies, and tne expansion to take place according to 
Boyle's law ? Ans. 7285-87 lbs. 

The area of a circle 12 inches diameter=ii3 square 
inches nearly. 

c^ X X 235'=the units of work accumulated in the 
shot through the initial force and expansion of the powder. 

^ ^ , ^=32326, the units of work to each square 

64^x113 ^ 

inch. 

Let z be the required pressure, then by examples 30 
and 3I9 

or t.a5,(x+k(l6)=|ii:£5))^3,3,6. 

OP i-25«(3-549445i9)=32326- 
/. 2?=7285-87. 

Hence the gun will not burst, since the crushing strength 
of cast-iron is about 28750 lbs. to the square inch. 
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113. The subjoined dual logaritbms to 18 places of figures 
may be found useful. 

|» (2)= 69314718055994533, 

4r, (3) = i 09861228866810969, 

4,, (4) = i 38629436111989066, 

I, (5) = i 60943791*-^ 4341003 5, 

4,, (6) = i 79175946922805502, 

i, (7) = i 94591014905531329. 
4,, (8)=2 07944154167983599, 

j, (9)=2 19722457733621938, 
I, (io)=2 30258509299404568, 

Ua. 41. Find by a direct process tbe common logaritbm 
of 7 ; or solve the equation, 

Given 10*= 7* ; find a?. 

Such equations could not be solved, before dual arith« 
metic \?a8 invented, without much labour and a great 
amount of dodging and guessing. 

a?|,(io)=X,(7) 

• j.-:,>^>(7) _ i9459i oi4,^ 
1,(10) 230258509, 

'84509804 the common logarithm of 7* 

7='3'4'o'3'9'2'o'3'f (10) 
/. >t,(7)='3'4'o'3V2V3'f + j;(io) 

='35667495+230258509,=i94.59ioi4. 

See *' Dual Arithmetic, a new Art," pp. 44, 47, 207. 

JEx, 42. The number 1871* is a prime number, find its 
common logarithm by a direct calculation, or, in other terms, 
solve the equation 

10*= 1871. To find ar. 
a?|,(io)=J,, (1871) 
. ^^871) 7534228 13, 

1,(10) 230258509,^ ''" 
Then 327207378 is the common logarithm of 1871. 

1871 
II 

'iVl'i'lV4'4 1^0,4, 

W' 
'6667414+ I, (2)+ 4., (io») 
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JSx, 43. What natural number answers to the common 
logarithm 3*27207378, or, in other terms, solve the equation 
jQ8a7207378«.^^ bj s dlrcct calculation. 

(3 27207378) 4,, (10)= 4., (y) 
.-. 753422813,= 4,, (y) 

\, (.y) = 3>^, (10)+ \, (2) + '66674i4; 
but '66674i4='o'6-6'3'6'9'i'2 1=-9355 
.*. y='9355Xio'x2=i87i; 
the required natural number. 

114. £=2*71828182, the base of the hyperbolic system 
of logarithms. 

JEx, 44. !Find the hyperbolic logarithm of lo* or solve 
the equation, given 

£""=10. To find 07, by a direct calculation 

a?|,(0=4r,(io) 



4,, (c) 100000000, 0^0^ 



£=2*718281828 = 2 Jr 3,2,1,0,2,2,1,2, 
.*. \, (f) = 1 0000000, 

JEx, 45. Eequired the natural number corresponding to 
the hyperbolic logarithm i* 14472989; or, in other terms, 
solve the equation 

(2-7i828i828)^-i«'^=y; 

that is, find y by a direct calculation. 

1-14472989 Jr, (2718281 828) =1, (y). 

.-. ii4472989,=4(y)=4r, (2)+45i5827i, 

.-. y=2 ^4,7A6,8,9,6,8,=3i4i5927=7rtherequired 
natural number. See Note B. 
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NOTES 



NOTE A. 

In analysing the elements of this new art, and its developments, 
which are wi&out exceptions or failures and dififering essentially in 
their nature from all other derelopments, the binomiu theorem, the 
theorems of Stirling (or Madaurin), Taylor, Lagracge, Laplace, &c., 
have been introduced to accommodate those expert in use of these 
theorems ; yet no principle or portion of this art rests on these cum- 
bersome and deficient performances. The art and science of Dual 
Arithmetic are founded on principles independently established. The 
continued product of derived quantities is not subject to the same 
irregularities as the sum of derived quantities. A great variety of 
dual developments may be found expressing a known or unknown 
number or magnitude without supposing the magnitude to vary or 
supposing it maide up of a large and a smSl magnitude added together. 

By the theorem called Maciaurin's, a magnitude expressed under the 

form a( 1 +-) cannot be developed ; for let tt»a[ i +-), then 

du a 
daT"'^' 

which becomes infinite when x^o. However, to develop af i+-j 

by dual arithmetic is an easy matter, whether x be great or small. 
Again, to develop logo;, by this theorem, put u^logx, then 

du 1 

dx X* 

which becomes infinite when X'^o, and Maciaurin's theorem ^ils. 

But by dual arithmetic the logarithm of x to any base is easily 
developed and determined. 

liu=f{x) and u*^f(x + h), Taylor's theorem may be written 

, d.u h d^,u A* d^.u h^ 

dx I dar 1.2 dor i.a.3 

a theorem which Lagrange has made the basis of his theory of ahaly- 
tic functions, although particular values may be given to x, that will 
render this form of development impossible. For example, let 

f{x+h)^log{x + h) 

thenlog(a;+A)-loga;+--^+^-;^+ .... 

whenarso, 

log (O + h) =l0g A= — 00 + 00 — 00 + .... 

a result of no use whatever iu developing log^. 
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Again, let f{x)^a^ + x* + a:^ log x^^u, then 

f{x + h)^{x + h)^ + (x + h)i + (x + hyiog{x+h); 

— aBaa; + -a;' + 3arloga; + ara*o + o + ox -co +o; when ar«o ; 

-5-5=2 + — ^a;* + oa:Ioga?+3a; + aa;=*2 + o + ox — oe +0; 

d\u 80 , ^, - 

-7-55= + — ^arJ + 61ogar+6 + 5s=c© — 00 +11 ; 

cwr 27 

results which are not rery intelligible, and of very little use in finding 
the value of x in the equation 

a:* + a;5 + a;*log a:a= 2 1 3*8570854 = a, 

any given number. The value of :e is readily found by the dual method 
of solving equations, while no other known development will apply. 

x«'4V3'64tf ^'2, ; a;=^ I5,7,6,7,3i0,5,«, ; 
a:- 5 i 0,0, 1,9,6,5, 1,4, ; a:=3i 4,2,6,2,8,1,3,6, 

x^4^ 1,2,4,5,3,7,6,8, «4*60880428- 

(4*1,2,4,5,3,7,6,8, ^ 
.=4-508804,8= 1; j::!ji;;?J - *• .50«O3,O5. 

V &c. ; 

Hyperbolic log a;« 1*5063205; a;*=(io) (2^*3,4,1,4,7,4,6,5,; 
a^s(io) (2^)1 1,4,0,9,5,8,0,1, Without finding the value of x in 
natural numbers, these Amotions of x may be determined. 

Let It ='*i^ (2) be a function to be developed when z=»jP{y+a/(«)} ; 
X and y are supposed to be independent variables ; z is evidently a func- 
tion of X and y. 

^,„ «r-» (/{«))"fi 

The general expression, — « ^^ — -, being found by the 

dc" dy " 

process termed differentiation, and according to Stirling's theorem 
X is put bo in the original function u, and in the derived functiont 

££ 0- Since z=F{y+zf(z)}, 

on the condition x=o, z^P{y) and as u^'9{£^ 

known function of y may be expressed by the characteriatio ^ : 
then {u} 2^ for the sake of brevity may be written ^ (y) 
{2}^ becomes i^(y), /. f{t}^^f(Pm 
may be expressed by ^ (^), and consequently 
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then, according to Stirling's theorem, 

^^^ ^' <iy 1 dy i.a rfy* i.a.3 

which is the theorem of Laplace. 

If t«as"*'(2) and z=y+jr/(2), then according to Stirling's theorem, 
and the notation just established 

U}:^-'^(y)''yf and {«}^o=*(^(y))=*(y)=0(y); 

f{^ } =/(-'^(y))— /(y)— *(y)» ^^^ Laplace's theorem becomes 

u^^iy)^m-^-^^ — ^T-^-a-^ — W^tj:^"' 

which is the theorem of Lagrange. 

These theorems may be represented under many shapes, and receive 

numerous modifications. For example, if x— \, and p be put for /(^) ; 

d!.^(v) 
and ^ for ' , then Lagrange's theorem becomes 

^' "^^ 1 dy i.a d'f 1.2.3 
It was in this shape Lagrange delivered his theorem. Again, since 
/(y) represents any function of y, it also may represent y°si, then 
y(y)» (/(y))*! Ac. -si. And as/(y) becomes, in this case y**, /(z) 
becomes 2 = i also ; then z^y+xf{z) «y + x, or «=y + A by putting ^ 
for 2;, 






• • 



. • . • 



which is Taylor's theorem, from which Stirling's theorem may be 
derived, and from Stirling's theorem the Binomial Theorem may be 
established. But it ought to be observed that while Stirling's theorem 
establishes the Binomisd theorem in the most general manner, -it often 
&il8 to show that particular developments by the binomial theorem 
are true. Laplace has extended his theorem to functions of several 
▼ariables, but this extension is of but very little real practical value ; 
for the preceding theorems often become inapplicable from the compli- 
cation of the processes that determine the successive steps ; and often 
become inadequate, or fail, from the functions which are to be deve- 
loped booming infinite or indeterminate. 

How cumbersome and uncertain the unwieldy developments of the 
theorems of Lagrange and Laplace are, compared with dual develop- 
ments is best shown by example. To illustrate this statement, let it 
be required to find a number whose common logarithm is composed 
of the same consecutive digits. 

z+l 

The equation to be solved is 10 ^^ » 1 +£, find z, 
2s (— 1) + lo^iorv ; y**(— 1) I 2= 10^ ; for by Lagrange's theorem 

2=y+a:/(2). 
By putting P instead of ^, u^F(z)^F{3t + xf{z))^ 



Pi,)^±F^fiy)U 



^■^-a?^m% ^.{^m)^ 



dy ''^1 dy 1*2 d-y* xa.*^ 
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We have to determine the simplest possible fonotion of z, namdj, 
z itself. •'. ummF{z)'^z, hence the nature at the function expressed 

by F becomes known; in this example ,*. jP(y)»y, and/(s)ssio^, 
hence, also, the nature of the fonction expressed by/'becomes known, 

.V(y)=io*^. a;- 10^. 

27(y)-y--i; (A), 
log lO.lO*'* — — (log 10) 10^ = — (log 10) — , 

® 10 i.a 10 ^ * ' i.a 10^^ 'i.a' 

when the function of y is substituted ; (0). 

dy* i.a.3 <^ i.a.3 V»o/ ^ i.a.3'^ ' 

—LJl > -£. {±\ (log 10)* 1— ; (F>. 

i.a.3.4-S \»o/ 1.9.3.4.6' ^ ' 
.*. t»=.i'(2)-.4+S+C+D + ^+^+ 

then by a laborious calculation z may be found i* '37 ia88574a 
Hence log 1 '37 1 a88574a = • 1 37 1 3885743. 

he value of z in the equation 10 ^° »i+2, is readily obtained in 



a dual form ; for — '• — log lo^clog (i + 2), 

log 10 log(i + 2) 

or ~ ■ . 

10 i + « 

Dispensing with the use of logarithms, therefore, by dual logarithm! 

^,(10) ,^, (1+2) ,^ 

10 1+2 

\, (io)«33oa585og,and'!2iip=a303586i. 

/. (23035851 .) (i + 2) - i» (» + «)» 
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It is easilv observed that i{\+z), is greater than |3, and less 
than ^4, and in the following direct manner the complete develop- 
ment is obtained. 
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3064 
91 


74 
94 
91 
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33 

94 
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31576 
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947 


31 


5 


7 


5 


1 
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8 
3 



31575086 



'i 3 =38593054 



'*o,3, « J9B5099 

31578153 
sVo'oy3t . . . « 3000 

31575153 

o'o'o'o'o'o't t . = 70 

31575083 
3 



»-*» 



31575087=^ 0,0,0,0,0,0,0,3, 



2+1 



= Vo*7 T 3»3, >!' 3i 



31575086 



1-37128857 



And /. log i-37ia8857 = *i37i38857 

It may be added that a dual development, and no other known 
development, has the capability to establish the coincidences 

log 1-371288574338542 » '1371288574338543 
log 337 '58 1 3087593331 = 3*375813087593331 
log 3550*360181586591 =* 3*550360181586591 
log 46693-46833877758 «= 4669346833877758 
log 576045'6934i 35527 « 5*760456934135537 
log 6834730776754357 = 6834730776754357 
log 78974890-31398144 = 7897489031398144 
log 895191599*8267853 = 8-951915998367853 

To compare a dual development with a development by Laplace's 
Theorem, 

Leti;»e^ nco«»^ ^^^ ^ jj^ terms of m and », The given 

equation must be compared with J^{y + xf{z)}, and u=^'9f(z) with v*. 

v^z; m^y; n^x; 
.•. /(2^-/W=co8v; /. f{F(y))^cQBF(y)^cQBF{m), 
u=*(z)=*W-t;3; /. ^{P(y))M^(3f))^''{F{m))\ 

and since 27{y + ar/(y)}=£"»+"~-; /. 27(y)«£"'-6'", 

putting x^o. The nature of the functions expressed by the characters 
"9", /and F being pointed out, Laplace's formula may be applied. 

u^^{F{y))^{F(m))^^(ey^i'^; (A). 

/(i7(y))^:lgMf =.cos(.-) ^^f «eos(03€ "- n-3ni'-cos.'-;(B). 
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dy 1.3 dy i.a 

{-6£*'*8m6'*+9t'~co8£'*}— ; (C). 



•. tt = *(2)=^(v)««» = £'~«-4f^+C+ 



• • 



.« 



or ir»«£'~ + 3n6**C08€'~+ { -6€*** 8in€"'+ 9€'^co8€~}— + . . . . 

a development out of wkicb, in the simplest case, it would be Ernest 
impossible to find v*. 

In tbe equation ^«j1-»mwi+« «*«»• j^^ .^ ^^ required to find <;», «, 
cosv, and the degrees, minutes, &c. corresponding to the arc v. 

In «»€**'*'**"**, put v^aair + z; a being i, a, 3, 4, &c. 

Then cost? —cos 2, and /. ^air + z^^t^'^'^^*. 

log.(2air+2)— m 
/, log^(3a7r + 2) «= i» + n cos z, or «= cos 2. 

2 2> 2^ 

But log, (aaTT + 2) = log (aaTr) + 



* ^ (aa^r) 3(aa3r)* 3(aair)' 

^ l0g^(2a7r)-??t 2 2« g3 24 

» w(aair) an(3a7r)* 3»(2air)* 4n(aair)* • • * ** 

logj(aa7r) — m 
It is evident that , must be less than i, that is 

logj (aaTr) — 1 -5905301 

, must be less than i. 

a*34 
Logj(iOff) = 3-4473160; logj(ia7r)«3-6a96365; logj(i4T)«3*783787«; 

hence (la^r) may be selected, and a«6 is a convenient multiple. Then 
the equation to be solved is 

3-6396365- 1 -5905301 .2 ^ ^ 7? 

3-34 lawTT 388»ir' 518411^^ 

The following equation may be reduced and the value of z found 
without difficulty by the dual method of solving equations. 

rt % 7^ ^ 2* 2* :fi 

-87141 73+ ■ . — h. «i— V — ■ I — 

I3n7r 388iMr* 5i84nir* i.a 1.3.3.4 1.3.3.4.5.6. 

2='4i3,3i6,2,6.o,o,8, ; 2- -4 ^3,3,4,8,4,9,6,3 : 

2= -5 \ 0,0,3, 1,7,6,3,9, &c.=s -5010888764. 

2s'50io888764Brarcof 38'' 43' 37"; cos 2 =-877060106 

t>«(3air+a)=s(iajr+2)«38-3oo3007=arcof 4348* 43' 37". 

v=»38-3 1 0,0,0,0,0,5,3,6, 

v'-(38-3)3^ 0,0,0,0,1,5,7,8, =55743-8475. 

These, and an endless variety of results, cannot be directly and in- 
dependently obtained by any other known art, formula, or theorem. 
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(K) 



'5010888764 



(D) 

•4 1 2»3,4,8,4,9,6,a/ 
•4*2,3,6»2,5,o,o,8, 
•4 i 2,3,5,7,4,9,9,2, 
•5^0,0,2,1,7,6,3,9, 

'iV9'9'2«P«,3,5, 



(L) 



'69097179 t 

8 



The developments (2>) express the sAme magnitude under a variety of 
forms, and are termed dual developments, or numbers, because they 
have two ultimate representatives, the corresponding natural number 
(N) on one side, and its logarithm (X) to a known base on the other. 

In establishing fundamental principles, in pointing out the laws by 
whidi this new art and science are governed, and in comparing new 
operations with old established systems, the interests of the mere 
cakmlator have been in a great measure unavoidably neglected in the 
larger wtnks. However, although the present work is elementary, it 
is entirely practical, contains rules, tables easily enlarged, and other 
subsidiary aidif, that will secure accuracy and save both the time and 
labour of the Astronomer, Navigator, Engineer, Actuary, and calcu- 
lators in general. The author prepared this note to be published in 
the analysis of ''Dual Arithmetic, a new Art," but an abstract of it 
was only given, pp. 73 to 81. 



NOTE B. 

The dual logarithm of 2* =69314718, 
The hyperbolic logarithm of 3*si '69314718 

^ — r~=hyp. log. of I'l to eight places of decimals ; and gene* 

rally the dual logarithm of any given number n, divided by 10^= the- 
hyperbolic logarithm of n, to eight places of decimals. The young 
student may be deceived by this coincidence and imagine that these 
systems of logarithms are established by similar processes of reasoning* 
That such is not the case may be readily shown as follows. Writers 
on logarithms show by a series of devices that in 

the equation r*=s» 



a?« 



(„_,)_l(„_,)»+l(n-i)»-.. 
(r_i)_i(r-i)'+i(.-i)»-.. 



(Z). 



X being the logarithm of any given number n, to any base r. The 
expression {Z) cannot be practically applied except in very rare cases. 

When the denominator of (Z) is put» 1, 

thati8{r-i)-i(r-i)a + i(r-i)'-... -1, then 
^ 3 

r=a7i828i828. .. which is generally represented bye, and the sys- 

tem is usually termed the hyperbolic system of logaiU.W&. 
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Let (271828... )'«=«• 

then from (Z), a;«=(2-i) — (a-i)«+-(«-i)'— .. 

* 3 

1111 

2 3 4 6 
= '693147 18 the hpperboUo log of 3. 

To find the sum of the series 1 — + — . .. step by step until we 

find '69314718 is a yery tedious process. The hyp. logs, of 1*1 ; I'Oi ; 
1*001 ; &c. are more readily found by (Z), for let 

(271828... )*« 1*1, then 
a:B(ri — 1) — (i*i-i)*+-(ri — I)'— ...• 

10 2\10/ 3\io/ 
a'09531018 the hyp. log of 1 *i 

Now let (i*oooooooi)*»s2* then all the terms of the deoomiiiaior 
of (Z) may be neglected except 

1 



r— Is '00000001 



10* 



for -(r— i)* ; -{r— 1)' ; &c. are very amall 
^ o 

In this latter case (Z) gives 

111 

1 — + +.. .. 

'0000000 1 + ....' 
Hence, the value of :e in (271828. . . )*»2' found by (Z) and multi- 
plied by 10^ is equal to the value of x in (i*oooooooi)*osa« to eight 
places of figures, found also by (Z). The same may be said of the 

application of (Z) to (271828. ..)*»i'i and (I'oooooooi)'^!*! Ac. ; 
but the cases in which (Z) is applicable are very few. These remarks 
apply to developments with hyperbolic logarithms given in the analysis 
of " Dual Arithmetic, a new Art/' pp. 39 to 46. 

Although (Z) indicates that J ^^og^n true to eight places of deci- 

mals for any given number n, yet none of the processes or devices usually 
employed to apply, establish, or to give to (Z) a more practical form 
in any way resemble the dual system for finding the logarithm of any 
given number n, to any base r, by a direct and extremely simple pro- 
cedure. The young student will avoid being deceived by carefolly 
comparing (Z) and ''Analysis," pp. 39 to 46, with the correct dual 
methods of reduction, Chapter I v., and ''Dual Arithmetic, a new 
Art," pp. 212 to 214. 

NOTE C. 

|i^ The student may be much deceived if strict attention be not 
given to this note. JS$ 
A method is given in the analysis, pp. 61 to 72, " Dual ArithmetiCi 
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a new Art," to find dual logarithms by limited tables, and may be 
made to appear like the dual method ; with suitable tables this counter- 
feit arrangement may be applied to other systems of logarithms, but 
not without limited tables which the method cannot supply in any case. 

The factors of the counter- j '^ * ^o *"7 ' '* 

feit svstem are 1 ***^9 **°® *'®7 lO* 

leit system are ^ ^.^^^ ^.^^g 1-007.. .. looi 

&c. &c. 

The logarithms of these factors being tabulated, and the nimiber 
decomposed into factors, its logarithm may be found by addition. 

For example, 2509621*9 = (1 -a) (1*04) (1*005) (1*0004) (1*00005) 
(1*000005) (1 '0000001 ) (1*00000009) X 2 X 10'; then the duaJ or any 
other logarithm of 250962 1 '9 may be found by adding together the 
logarithms of the factors (1*2) (1*4) (1*5); &c. taken from tables 
previously prepared. 

The method here alluded to being laborious cannot be relied on ; in 
the analysis, page 72, the method gives 1144729885849926671, for 
the dual logarithm of ^r to seventeen places of figures. In calculating 
this logarithm by a direct method, it is found to be 1 14472988584940017. 
The factors 1*9 1*06 1*003 1*01 &c. have also been employed to approxi- 
mate to the roots of equations and may deceive a young student or 
those who possess a smattering of mathematics ; but this subject will 
be discussed in the Author's work on Algebra, and the ** Calculus of 
Functions." In this counterfeit system (1*004) takes the place of 
(1 'ooi)* ; (1 '0005) the place of (1 -oooi)* ; &c. 



NOTE D. 

At page 41, article (53), we promised to explain a method employed 
to reduce a dual number to a natural one. 

l%e explanation is not intricate, for by common multiplication of 
algebra, (A) nmltiplied by (B), gives (C). 

(A) 1 + Uipe + a^ + ospi^ + alx* + asar* + . . . 

(B) 1 +bia^ +b^^ + 



(C) i+aix+jos 


1 si^+a^ 


ixl + a^ 


I a:* +06 


I ac^ + Ofi 


I af^& ... 




1 


^ ai 


61 Oj 

1 


6, Oi 


hi 04 


61 




which fully establishc 
cussed in ** The Art i 

• 


m the process. This met) 
ind Science of Dual Arithn 


lod of re 
letic." 


duction is 


dis* 



NOTE E. 

The student's particular attention is directed to that portion of 
article 24, page 24, which relates to even roots of negative numbers. 



NOTE F. 

Without Y^ferring to the binomial theorem, the author furnished 
different methods by which the operative numbers (pp. 21, 35) might 
be found ; only one of these methods was given in the mv«X^«^&^ ** \Sxx^ 



144 KOTES. 

Aritbmetic, a new Art/' pp. 3i to 34, and that not in the fonn 
designed by the author, hence the young student may be misled if an 
important discrepancy be not pointed out. The operative numbers 
wiU not apply to all natural numbers that correspond to consecutive 
dual numbers. One or two of the numerous examples that might be 
selected will illustrate this matter. 

ASOBNDINO BbANOH. 



1*10356790=^0,9,9, 

1 'lOOOOOOOs^l, o, o. 
i '10110000—4,1, O, 1, 

i-ai39a468«^i, 9, 9, 

1 '210000008^2, O, O, 

1 'augiooo^itt, o, 1, 
&c. &c. 

One example from the descending branch will be sufficient. 

•65998566 ='3 '9 '9t 

•656 10000 ='4 *o 'ot 

"65544390='4*o*it. 
&c. &c. 

Hence the calculus of differences will only apply to ten consecutive 
digits of the same rank ; and the method of interpolation may or may 
not point out consecutive dual numbers. The operative dual numbers, 
or binomial coefficients, may be also found in the following independent 
manner. Beferring to the tabulated form, page ai, 

I— a? 

the coefficients beiug i, 1, 1, 1, 1, &c., the numbers of the first vertical 
column in the table. 

1—0? 

the coefficients being the operative numbers of the second vertical 
column. 

=si+3a: + 6«*+loa:'+i5ar* + .. . = C7; 

the coefficients being the operative numbers of the third vertical column 
of the table before referred to (pp. ai, 35). 

The numbers of the succeeding columns may be found by continuing 
the division. 

NOTE G. 

The cosine of an angle is always numerically less than + 1 or — 1 ; 
therefore, twice the cosine of an angle must always be numerically less 
than +3 or —3. Now, no whole number or fraction, positive or 

negative, substituted for ar, will render or-f — numerically less than 

X 

+ a or — a ; hence it is absurd to put 3 cos ^ =« + — ; yet it is on this 

very absurd supposition that the Theorems of De Moivre, and of Cotes 
or Yieta, are established, Theorems much admired by Lagranffe and 

of Form will 



Laplace. Dual Arithmetic and the Calculus of Form will dear 
^^tal science of such imagmaty uonsenBe. 
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■I 
1 
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• I 
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THE YOUNG DUAL ARITHMETICIAN. 



The Table for the AsceDdiDg branch has a range from l 
to fi'99i 61132, and the Table for the Descending branch 
ranges from '29916114 to '99999999, or to 1. Hence the 
dual logarithm of 10, (i)(10),) being known, the dual loga- 
rithm of any given number maj, with much ease, be taken 
from these abridged tables. 

• 1,(10)= 230258509,-1 

i,(100)= 460517018,-2 

^,(1000)= 690775527,-3 

i,(10000)= 921034036,-4 

i,(iooooo) =1151 2925451—5 

i, (1000000) = 1 38 1 55 1 054,-6 

i,(10000000) = 161 1809569,-7 

i,(100000000) = 1842068072,— 8 

*,(1000000000) =2072326581,— 9 

ElCAMPLES. 

1. Pindthe dual logarithm of -86194541, •00086194541, 
and 86194541. 

4,(86194641)= '14856338 Tab. II. 
|.,(10«) =1842068072, 

i,(8ei94641.) = 1827211734, 

'14856338 
Negative *,(10«) '690775527 

*.(0008ei04641) = '705631865 

2. Pind the dual logarithm of 1-378201, 1378201; and 
•01378201. 

The dual log. of i^37820i from Table I. is 

^ 32077903, 

*,(10*) = 690775527, 



i,(1878^201) = 7'2«85^^:iO, 



^'I 
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Negative *, (10*) = '4605 17018 

i,(r378201)= 32077903, 



i,(01378201)='428439i 15 

3. Bequired the dnal number and logarithm of 1*865 and 
the dual logarithm of 1865. 

1*86500000 given number. 

4 = 62261223, Tab. L 



* 6,6,1,0,0,0,0,0, = 1-863 
6,4,8,8,6, 1*6, 1 



7903 
1182 



8 
8 



64885, 



* 6,5,1,6,4, 8, 8,6, 



62326108, 



4.% 



186490890 take from given No, 

••• t 9^*0 diff. 
7460 

1650 
1491 



159 
150 



^% 

^'5, 9 

/. *,(l-8e5) = 62326108, 
i,(10«) = 690775527 , 

753101635, = i,(1866.) 

4. Pind the dual number and logarithm of '78539816 and 
the dual logarithm of -078539816. 

'2'3*0'0'0'0*0'0 1 = -785914219 ='24087205 Tab. II. 
'6'9'2'4'2 ^% 47156- '69242 

• 12 + 



'2'3'0'6'9'2'4'2 t 
Given 

i*2, 



•78547074 '24156447 
•78539816 

7258 
7069 



89 
57 



i'2, 



1 
1 
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•\ *,C78639816) = '24156447 

Negative *,(10) '230258509 

*,(078639816) = '254414956 

5. Find the dual logarithm, ( i,), and common numher 
aogweringto *^,l,2,d,4,5,6,7,8, 

* 1,2,3,0,0,0,0,0, = i 1 1820934, Tah. I. 

4,6,6,7,8, = 46678, 



.\ * 1^3,4,6,6,7,8, = illS666l2, 

Again, Tab. I. i 1,2,3,0,0,0,0,0, = 1 • 1 25I4797 

4501 



o 

9 ^*4: 

7 



11259 



299^ 
5629 t«5, 

675 ^'6, 
9 ^'8, 



Common number 1*2599387 

6. What dual number and common number corresponds 
to the dual logarithm 34276352, 

34276352, 
i 34267871, = * 3,6,7,0,0,0,0,0, Tab. I. 

i 3,6,7,0,8,4,8,1, 
/. * 3,6,7,0,8,4,8,1, = 34276352, 



* 3,6,7,0,0,0,0,0, = I 4087 

. . .f 1 



9614 

1270 4.*^, 

563 **4, 

113 1% 

1 ^*l, 



Bequired common number 1*40891561 

7. Required both the dual and common number corre- 
sponding to the dual logarithm 1177778277. 

When the given logarithm is too great to be found in 
the table, mark off seven figures and take the next less 
multiple of 23 contained in what remains, thus the power of 
10 involved may be determined by mere ine^ectlow.. 
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Thus 117 oonUiiiB S3 fire times, bat not six times. 

1177778277, 
^,(10*) = U51292545, 

2648573a, 
i,2,7,4,0 ,0,0,0,0, = 26427067,= 1301 17C151 Tab. I. 
5,8,6,6,6, 

'JLLLl 58865, 

1 2,7,4,5,8,6,6,6, 

/. 10*^2,7,4,5,8,6,6,5, = *ni77778277, 

i-3on795i 

65059 

13 



1301813023 

...ti'0415 

781 

78 
7 

1*30194304 
i,(180l94d04) = 1177778277, 

8. Bequired both the daal and comnioa numbers eorre- 
sponding to the dual logarithm '83600000 ; 

•43344921 ='7'9'8'0'0'0'0'0 ^='93598067 ; Tab. U. 

'83600000 
'83598067 



'00001933 

•43344 

••t 



921 



433— 
390— 

13- 
1 — 

837 



•43344084 
•43344084 = '7'9'8'Ol'9'3'3 1 = '83600000 
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9. Required both the daal and common numbers, corre- 
«])oiMiini^ to the dual logarithm '1177693322. 

•76799335='2'5'3'0'0'0'0'0 ^='26397423 ; Tab. II. 

'1177693322 given. 
i,(10«) = ' 1 151 292545 when made negative. 



'26400777 

'26397423 from Tab. II. 



'3354 
.•• '2'6'3'0'8'3'5'4 1 j^5 = 'ii776933228t 

•76799 335 
• -t a 



304— 
230— 

38- 

3- 



2575 



•76796760 
/. *, (000007679676) = '1177693322 

Numbers and their corresponding dual logarithms may 
be found bj merely employing a part of Table I. from i to 
2, but in doing so, i, (2)=693i47i8, as well as *, (10) = 
230258509, have to be involved. 

Example. 

10. Let it be required to find the dual logarithm and 
common number answering to 10' x 2 x * 3,3,7,4,6,6,7,3, 
= 2000 * 3,3,7,4,5,6,7,3. 

From Table I. the following line may be taken : — 
136095878= *3,3,7,0,0,0,0,0,=3«2778o5, 
to which add 4,5,6,7,3,= 45673 

i.(r38095878)= 32323478, 
*,(10») =690775530, 
i,(2) = 69314718, 



792413726, 
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1-380 



9587 
5523 



S^4 

8 

8 



1-3815 

• • • • 


1124 

6908^5 
829^6 

97 --7 

4w8 


1-38158962 

s 



2763-17924 Natural Number. 

Hence 2763*17924 is the natural number corresponding 
to the dual number 10' x 2 i 3,3,7,4,6,6,7,8, and 792413726, 
is the ultimate representative number in the eighth position 
and may be employed as the logarithm of 2763* 17924 ; writ- 
ten, *,(27e3-17924)=7924i3726. 

When results are only required true to five or six places 
of figures, to extract corresponding numbers from Table I. 
is a thoroughly easy matter. 

The above example, to this extent, will stand as follows : — 



1380 

• • • 


959" 
552w4 

^9^5 
9^7 


= i 3,3,7,0,0,0, . . 
4,6,7, . . 


= 322778.. 
457.. 




323235 . . 

6907755 . . 

693147 . . 


1-381589 



2763-178 
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TABLE I. 

ASCENDING BRANCH. 



ABRIDGEMENT 



OF 



BYME'S TABLE OF DUAL NUMBERS, 

WITH 

CORRESPONDING NATURAL NUMBERS 

AND 

IHEIR DUAL LOGARITHMS. 



&a 



aiTDHJU. NVHBEHS. 



D. Nob. 

; 0.0,0,0,0,0,0,0, 

i 0,0,1,0,0,0,0,0, 

1.0,0,3 0.0,0,0.0. 

lO.a.a.o.axt.o.a, 
i 0,0.4.0.0.0.0,0, 
i 0,0 5,0,0,0,0,0, 

i 0.0. 6. 0.0 0,00, 
I 0.0,7,0,0,0,0,0, 

i 0,0, a. 0,0,0,0,0, 
4.0,0,9,0,0.0,0.0. 
1.0.1,0,0,0,0,0.0, 
10,1,1,0,0,0,0.0, 
io,i,a.o,o. 0,0.0, 
J, 0.1.3,0,0,0,0,0. 
J, 0.1,4.0.0,0,0,0, 
1 0,1,5.0,0,0,0,0, 
^0,1,6,0,0,0,0,0, 
4,0,17.0,0.0.0,0, 
10,1,0,0,00,00, 
|0, 1,6.0,0,0,0,0, 
10. a. 0.0. 0.0.0.0, 
4.0.2,10.00.0.0. 
4.0,3,2.0,0,0,0.0, 

I 0,2 3 0,0,0,0.0. 

t o.ft 4.0,0,0,0,0, 

I O A.5. 0,0, 0.0.0, 

^o,s.«, 0,0,0.0,0, 
ioa,7, 0,0.0 ,0,0, 
4 a,s,o,o,o,o.o, 

T O.fl.S.O.O.O.O.O, 



4.0,3,4,0,0,0,0,0, 

4 0,3.6.0,0.0,0,0, 
4.0,3,7,0.0,0,0,0, 
4O.3.&,0,OO,O.O, 

4.0,3,9,0,0,00,0. 
i 0.4.0,0,0,0,0,0, 

i 0.4. 1,0,0 0,0, 

4- 0,4.2.0 0,0,0,0, 

10,4,3.0 0,0.0.0, 

1,4,4.0,0.0,0.0, 



iO,4 



0,0.0 0.0, 



>, 4, 6, 0.0,0 ,0,0. 

i 0,4,7,0.0.6,0,0, 
1 0,4,8,0,0.0,0,0, 
i 0,4 ,s ,0,0,0 0,0. 
1 0,5,0,0,0,0,0,0, 



"4947B3. 

'594735. 

1 794635, 
'89458.1, 
I sgoob'S, 



3384^9, 
3384H99, 
3484149, 
3.18480., 
.^684751, 
3784701, 
38846,31, 
3980131. 
4080082, 

4179980, 
437993*, 
44798B3. 
4579834. 
4679784. 
4779734. 
487116B4, 
4S76"65, 
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N. Noa. 


D. Nos. 


D. Loffg, 






10,5.1,0.0,0.0,0. 


6075115. 














iO.S.3,0.0,0,0,0, 


fis-soia, 






tO,B ,4,0,0,0,0,0, 


5374365, 






lO,S.5,0,0.0.0,0, 


5474915, 








6574«67, 




lob'38913 




5674017, 






I o,a, 8,0,0,0,0.0. 


5774765, 




1-06050707 


^ 0,5,9 0,0,0 0,0, 


5B74717, 




















1-06364486 












6370048, 




1-08577380. 












6469948, 




1-06790631 








1-0689731 a 




6669850, 








67698DO, 




i-07Uiai3 












6965331. 










1-07488069 








107535498 




7065081, 






i 0,7 ,4., 0,6,6.0,6, 


736503', 








746491)1, 
















7664BH3, 




1-08074951 












78647^3, 






t 0,6,0,0,0 0,0.0, 


7960364, 












I-086OS3&O 




8,60.64, ; 




iO,e,3,o,o,o,o,o, 


8360114, 


''°iiT^ 


i 0, a, 4,0. 0,0. 0,0, 






i0.B,S,0.0 0.0,0, 






106937011 










^ 6,S,7,o,o.o,o,0, 








i O.B,8,0,0,0,0,0, 








1 o,B,o,o.o 0.0.0, 


8859816, 




1-09368537 


i 0,9,0,0.0,0,0,0, 






1-09477896 


i0.9,I,0.6,6,6,0, 






■■09587374 


1 0,9.fl,0.0 0,0,0, 






.■0969696. 










i 0,9.4,0,0,0.0,0. 






1-09916465 










lO.s.e 0.0,0,0,6, 








10,9,7,000,0,0, 






rioa4S643 


i 0,9,8,0,000,0, 






1-10356790 


iO,9,B,0,0 0. 


SR64849. 






i 1,6,6,6,6,6,6,0, 






3^ e 


■1314718 I0>=930 






4-1! 


1639436 100-460 




\ 




7S44164 lOOO-Baw 


16W1 



ASCENBINO BEASCH. 



N.Nt-», 


D. No9. 


D. Logs. 


I-IOIIOOOO 


1 1.0,1,0.0.0,0.0, 


9630968, 




i 1 ao.oooo, 


973DJ)i8, 












993081 M, 


110351 100 


J, 10.5,0,0,006, 






i 1 e 0,0,00,0, 


10130730, 




i 1,0,7,0,0,0,0,0, 


10330670, 


.■loHRgoHfi 


i 1 0,80.0,0.0 0, 


I033'>628. 
















J, 1,1,1,0.0,0.0,0, 




11.3MIM 


i l,l,fl,6,0.0,6,6. 


10725951, 








iii54o'>(i7 


i 1,1,4.,0.0, 6,0,6, 


10935851, 


i-iieatifiia 


1 1,1,8,6,0,0,0.0, 




rn 768169 


i l,T,6,O,O,6,0,6, 


11125753. 




i 1,1,7,6,6,6,0,6, 


11325703, 


1-11991917 


4. 1,1,8,6,6,6,6,6, 


"325653. 


llaioggog 




11425603, 




i l.fl,o.o,o,o,o,0. 




i-lagisail 


i i,a, 1,6,6,6,6,0, 


11621034, 


'■11435534 


i i.a.a 0,0,0,0,0. 


11720984, 


1 -13547970 


i i,a,3,o.o,o,o,o. 


11820934. 


l-i26&>5i7 


i l,a,4.,0.0,6,0,0. 


11920B84, 


1-13773178 


i. l,a,5,0,6,6,0.0. 


13020B34. 


l-iaBes95i 


i l,a,8,0,0,0,6,6. 


12120786. 


1-U99B837 


i 1.9,7,00.0,0,0, 


13320736, 




i 1,6,8,0,6,6,6,6, 






J. l.fl.e,0,0,0.6,6. 






1. 1,3,6,6,0,0,0,0, 


13516117, 


1-13446443 


i 1.3.1.0,6,0.0,0, 


19616067. 




i 1,3,4,0,6,0,0,0. 


1*716017. 




i 1,3,3,0,0,0,6,6, 


10815967, 




i 1.3,4.,6 0,0.0,6, 


12915917, 




i 1,3,S,6,6,6,0.0, 






i 1, 3 .6,6, 6,0 ,6, 6, 






i 1,3,7,0,0,0,0,0, 


13215769. 


1-1 4*42954 


i 1.3.8.0,0,0,6 6, 


13315- '9. 






13415669. 


1-14466441 


i 1.4.,6,6 6 6,0,0, 


13511150. 


1-I45B09C17 






1-14695483 


I l.AB.O.0,0,0,0, 


13711050. 


ruflioiHa 


i 14,3,0 6 6,6, 




1- 14934993 


i 1.4,* 0,0.0,00, 




ri 50339 '8 


^ i,4,a 0,0 00,0, 




ri6'M953 


I 1.4 60 00,6, 




ri5370ii3 


i 1.4,7.00,0,0,0, 






I 1,4.8 0,0,6,6,6. 


14310751, 




i 1.4,9,6,0,00.6. 




rigoinoe 


i 1,5,0,0,0,0,0.0, 


14506133, 


3- 1 


q3l47l8 I0 = a3 


■25960S 


4=13 


8639436 loo-4fit 


517018 



ASCENDING BEAKCH. 



N. Noa. 


D. Nob. 


D. Lo.,™. 


1-15736717 


J, i.S.l.OAOAO. 




r.&84.444 




14706083, 


nsgsBiBti 






1-160745+4 


i i.sAfi.ofifi.a. 


U90.'j9H3, 














1-1 (1431181 5 


1 1.8,7,0,0,0,0,0. 


<6ao6835, 


1- 1 65395311 


i i,s,a.o,o.o.o.6. 


1530578a, 


|-I6e55777 


i 1.5,9.0.0,0,0,0. 


I6405735, 








1-16883984 




15fioi i()6, 


i-i7oooa6it 




.570.116, 






.5«0io66, 


1-17334987 


i i.e,4.,o,o.o.o,0. 


.590.016, 








1-17469574 




iHiOog.B, 


.■17587044 


4. 1.6.7.0,0.0,0.0, 




1 ■17704631 


1 l,fl,8,O,O,O,O,0, 








i640f)76B, 


I-17934BB9 




16496349, 


1-180598114 


1 1,7,1,0.0,0,0,0. 


i6,i96.gn, 












i6796"99. 


1-18407337 


I 1,7,4,0,0.0,0.0. 


.6896049, 


1-18535774 


I 1,7,5,0.0.0,0,0. 






I 1,7,6,0,0,0,0,0. 


17095.95', 




i 1.7,7,0.0,0,0,0. 


1719590., 




I 1,7,8,0,0,0,0.0, 


171.95851. 


1-19000559 


4^ l,7,ft,0.0,0,0,0. 


.7395799, 


I-1911433B 


i 1,8,0,0,0.0,0.0, 


1749.364, 


i->!)=33359 


i 1.8,1.0.0,0.0,0, 


17591914, 


1-I93u95«& 


i 1.8.8,0.0.0,0.0, 






i 1,8,3,0,0.0.0.0, 






^ 1.8.4.0.0.0.0,0, 




1-1971 moi 


4. 1.8,5.0,0,0,0,0. 




1-19830710 


i 1,8,8,0,0,0,0,0. 




■ ■I99SII5+3 


i 1.8,7,0,0.0.0.0, 


18190913, 




i 1.8.8.0.0,0,0,0, 
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•■09765817 
»-<»9975683 



S-10B16747 
•-1101S136 
9-1 1 319154 
•-114403B3 
•■11651813 
■-1 186347s 
9-19075338 
9-l996;4l3 

9-19499700 
••19711199 

9- 199349 II 

fi'13198317 
«-i334'445 
•■'35M786 
•■13768341 



i 7.A, 1,0,0,0,0,0, 
i 7,4,4,0,0,0,0,0, 

i 7,5,3,0,0,0,0.0, 
1 7. a, 4,0, 0.0, 0,0, 
^ 7,6,5,0,0,0,0.0, 
i 7.5,6.0,0,0,0,0, 
* 7,5,7,0,0,0,0,0, 

i 7,5.8,0,0,0,0,6, 
^ 7,5,0.0,0.0.0,0, 



+ 7,1 



0,0.0,0.0.0, 



+ 7.0,1,0,0,0.0.0, 

+ 7,e.e.o,o.o,o.6, 
+ 7,6,3,0,0,0,0.0, 
+ 7,6,4,0,0,0,0,0, 
+ 7,6.5.0,0,0,0.0. 
+ 7.6,6,0,0,0,0,0, 
+ 7,8.7.0,0,0,0.0, 

i 7.6.8.0,0,0,0,0, 
+ 7.6,9,0,0,0,0.0, 
+ 7,7,0,0,0,0.0,6, 
+ 7,7,1,0,0,0,0,0, 

* 7,7, a,o ,0,0 ,0,0, 

+ 7,7,3,0,0,0,0,0, 

* 7,7,*,o,o,o,o,o, 
+ 7,7,5,0,0.0,0,0, 
+ 7,7,6.0,0,0.0,0, 
+ 7,7,7,0,0,0,0,6, 

+ 7,7,8,0,0,0,0.0, 

* 7,7.8,0,0,0.0,0 
+ 7.8.0,0,0,0,0,0, 
+ 7,8,1,0,0,0,0,0, 

+ 7.8,a,o,o,o,o,o, 

+ 7,8,3,0,0,0.0,6, 
+ 7,8,4,0,6,0,0,0, 
+ 7.8.5,0,0,0,0,6, 
+ 7.8,6,0,6,6,6,6, 
+ 7,8,7,6,0,0,0,0, 

+ 7,s,B,o,o,e,o,o. 

+ 7, 8, B, 0,0,0,0, 6. 
+ 7,9,0.0,0.0,0.0, 
+ 7,9,1,6,6,0,0,0, 
+ 7.9,8.0,0.0,0.0, 

^ 7,9,3,0,0.0,0.0, 

+ 7,».4,0,6,0,0,0, 
i 7,9.5,0,0,0,0,0, 
i 7,9,6,6,0,0,0,0, 
t 7,9,7,0,0,0,0,0, 
+ 7,9,8,0,0,0,0,0, 
+ 7, 9,9, 0,0, 0,0,0, 
+ 8,0,0,0,0,0,0,0, 



71793341, 

71B91191, 

7199014 

71099091, 

711910+1, 

71191991, 

7"39I94'. 

7^91891. 

7159 1 B4 1, 

79687334, 

71787174. 

71B87334, 

7a987'74, 

730B7I1 

73 1 87074. 

73987014, 



74^81057, 
74381007, 
7448 1 957, 
74581907, 
74677390, 
74777340, 
74877090, 
74977340, 
75077 190, 
75177140, 
75177090, 
75377040, 
75476990, 
75576940. 
75(173433, 
75771373. 
75871333, 
75R7"73. 
76073333, 
76179173, 
76979193, 
76370073. 
76471903, 
7657 1B73. 
7634S14 
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Ml — 46abt1QV% 
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ASCENDIXG BBANCB. 
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D. Ko*. 


D. Logi. 


»-l4673"40 


4. a.o, 1,0,0,0,0.0. 


76348094, 


9-147»78i3 


V S.O.B. 0.0,0.0,0. 


76448044, 


a-igoas(>oi 


ia.o,a.o,o.o.o,o. 


76547994. 


1-.53 17604 


i*,o.4.,o,o.0,0,0. 


76647944, 


.■1543»BM 


i •,0,5,0,0,0,0.0, 


76747894, 


a»564Ba5& 


iAo.e.0,0.0,0,0. 


76847B44, 


915863903 


i •.0.7.0,0,0,6,6. 


76947794, 


«■ 16079767 


i s,o,«,o.o,o.o,o. 


770477441 


aiSagalMT 


i •,o,«.o.o,o.o,6. 


77147694, 


.■.65oa47'> 


t 8, 1,0,0,0,0.6,0. 


77943177. 


«'167.B97« 


tB.1. 1.0.0,0.0.0, 


77343197. 


"•16935691 


i».l,»,O,0,0.6,6. 


77+43077. 


9-l7>5a6a7 


i B. 1,3,0,6.0.0,0. 


77543037. 


a-i736978o 


*B. 1^,0,0.0,0,0, 


77649977. 


a- 17587 '49 


i a, i,s. 0,0,0, 0,0, 


77743997. 


0-17804736 


«•. 1.8,0.0,0,0.0, 


77849877. 


a-i8i>aas4i 


* •.1,7.0,0.0.0.0. 


77948897, 


3-18940563 


4. a. 1.8.0,0,0,0,0. 


78049777, 


818458804 


i •. i,s,o.o,o.o.o. 


78149797. 


•■ 1 8667495 


i 8.4.0.0,0.0,0,0. 


78938910, 


a'ie88tii6a 


4 a.fl, 1,0,6,6,6,0. 


783.38. 60, 


a'i9i05O4e 


«a,a.B.o,o,o,o.o, 


78438110, 


«■ 19314 153 


* 8,a,a,6,o,o.o.6. 


78538060, 


•■19543477 


i 8,4.*.O.0,0.o,o. 


78S38010, 


9-19763090 


4 B,a .3 .0.0, 0.0,0, 


78737960. 


8-19983783 


i8,a,«,0,6,o,6,6. 


78837910, 


a-aaaa370C 


t8.a,7.o,o,o,o,o. 


78937860, 


s -50433969 


*8,a.8.o,0,o,o,o. 


79037810, 


aao643393 


1, 8,fl,ft,O,0,6,6,6, 


79137760, 


3-90854170 


1 8.3,0,0,0,0,0,0. 


79933943, 


9-31075094 


i8,3,l,0,O,0,0,0, 


79333193, 


8-91996099 


t •.a.a.o.o.o.o.o. 


79433143. 


3-9i5t739a 


* •,3,8,0,0,0,0,0, 


79533093^ 


8-91 738919 


i 8,3.4,0,0,0,0,0. 


79633043. 


a-a.96.*5' 


i •,3,5,0,0.0,00, 


79739993. 


aaaiBseia 


i 8,3.8,0,0,0,0,6, 


79839943. 


9-a940479& 


4,8,3,7,6,6.6.6,6. 


7993a893. 


3-33637900 


i 8.3.8.0,0,0,0,6. 


80033843, 


9-33849837 


4 8,3,9.0,0,0.0,0. 


80139793, 


9-a306a7ia 


4 8,4,0.0,0,0,0,0, 




3-03985775 


4.8,4,1.0.0,0.0,0, 


80398836, 


3-9350906. 


♦ •,4.4,6.0,6.6,6. 


80498176, 


2-93739570 


* 8.4.3.0.0.0,0,0, 


B059B136, 


9-939a63'>3 


4 a.4.4,6,6.0.6,6. 


80618076, 


8-24180959 


i *,4,»,6,6,6.6,6. 


8079B036, 


3-94404439 


4 8,4,6,0,0,0,0,0. 


80897976, 


9-94698843 


4 8.4.7,0,6.6,0.6, 


80997936, 


9-94853479 


* 8,4.8,0,0,0,0.0, 


9.097876. 


9-95078395 


4 8,4.9,6.0.0,0.0. 


8.197696, 


»-959g3339 


4 8,5,6.0,0.0,0.0, 


8.993309, 


fl. 6 


9S>47i8 lo-tgi 


*6e609 


4- '3 


ee^Mso foo-i4ec 


S»70lB 


■« 


79+(»54 »«>*-69 


"Tiswn 



ASCENDING BBANCfi. 



■38195865 

364911 SSl 

■96648483 
■^6875131 

'37 loaoofi 
■a73«gio8 
■a7S4«a7a 
■17773818 
■18001591 
■18139593 
■3845785 



■3^119951 
•3a35«"73 
'33584414 



■34'»'74"7 
3M4"Si 
■3+«7&59a 
■34910968 
-'4517B 
■ 353803 J3 
"1 5703 
■358513.9 
■36087 170 
■363»3''57 
■36fi595«<' 
■35794789 



8.9,1,0,0,0,0.0, 

a, A,a, 0,0, 0,0.0, 

8.5,3.0,0,0,0,0, 

8,S,4,0,0,0,0,0, 

8, a, 5,0.0.0.0,0, 
e,s, 6,0,0,0, 0,0, 
8,9,7,0,0,0,0.0, 
8,9,8,0,0,0,0,0, 
8,9,0,0.0,0.0.0, 
8.6,0,0,0,0,0,0, 
8,6,1.0.0,0,0,0, 
8.6,e,o,o.o,o,0, 
8,6,3,0,0,0,0.0. 
A. A. 4, 0,0, 0,0,0, 
8,6,9,0,0,0,0,0, 

8,6.6,0.0,0,0,0, 

s,a,7,o,o,o,o.o, 

tt, 6, 8, 0,0, 0,0,0, 
8,6.0,0,0,0,0,0, 
8.7,0.0,0,0.0,0, 
8,7,1,0,0,0,0.0, 
8,7.8,0,0,0,0,0, 
8,7,3,0,0.0.0,0. 
8,7.4,0,0,0.0,0, 
8,7,9,0,0.0,0,0, 

8,7,7.0.0,0,0,0. 

b!7!s,0,o'o.o!o! 

8,8,0,0,0,0,0.0, 
8.8,1.0,0,0,0.0, 



a.s.a.o.o.o.o.o, 
e. 8, 3,0,0.0,0,0, 
8,8,4,0,0,0,0.0, 
8,8,9.0,0,0,0,0, 
8,8,6,0,0,0.0,0. 
8.8,7,0,0,0,0,0, 
8,8,8,0,0,0,0,0, 
8, a. a, 0,0, 0,0,0, 
8,9,0,0,0,0.0,0, 
8.9.1.0,0,0,0,0, 
a.o,a,o,o,o,o,o, 
8,9,3,0,0,0,0,0, 
8,9,4,0,0,0,0,0, 
8,9,9,0,0,0,0,0. 
8.9,6,0,0,0,0.0, 
8,9,7,0,0,0,0,0, 
8,9,8,0,0,0,0,0, 
8,9,9,0,0.0.0,0. 
9,0,0,0,0,0,0,0, 
17' 8 



8^i3 18343, 

81318191, 
81418141, 
B35I8I93, 
01618141, 

817 '8093, 
81B18U41, 
839l799«r 
8301794". 
83"7B99. 
83103375. 
833a33>5. 
83403175, 
83503''I5, 
83603175, 
B3703115, 
83803075, 

84001975, 
84101935, 
84198*08 
84*98358, 
84398308, 
84498*58, 
8459810a, 

84698 "SB, 
84798 lo- 



85593*41, 
8589319 
8579314 . 

B5B93n9i, 
85993041, 
86093 99 1, 



io-*90«5B5og 
toot>-»BBTlWn 



ASCENDING BRANCH. 



■-36030564 

•■36a665i)5 
a-365oae6a 
3-36739365 
a'36976i04 
a-37a'3o8o 
«■ 37450393 
a'37687743 
a377a543i 
^■38 1 637 17 

a 38390870 
9-386a9a6i 
338867890 
3-39106758 
a'3934S865 
3-39585^ I ' 
a'39834797 
3 '4006463 a 
3-4031.4687 
3-4053+344 
•■40774778 

a-4"0l5553 



3-43333044 
3-43465367 
8-43707733 



a-43l835a6 

a -43435709 
fl-43669'35 
9-43913804 



3'4&859965 
3-46105835 
34635 > 93 1 



3-46H4488 ■ 
3-47091736 
3-47338818 
3-47586157 



0,0.1.0.0,0,0,0, 

9,0, a, 0.0, 0,0,0, 
«. 0.3,0,0,0, 0,0, 
0,0,4,0,0,0,0,0, 
fl,o,5,o.o,o,o,o. 
«. 0,6, 0,0 ,0,0,0, 



0,1,0,0.0.0,0,0 
s, 1,1,0,0,0,0,0 
»,l,s, 0,0.0 ,0,0 
0,1,3,0,0,0,0,0 
9, 1,4.0,0,0,0,0 
0,1,5.0.0,0,0,0 
0,1,0,0,0,0,0,0 
0,1,7,0,0,0.0,0 
s, 1,8,0,0,0.0,0 

O.l.B. 0.0.0.0.0 



o.a,o, 0,0 ,0.0,0, 
o.a, 1,0.0,0.0,0, 
o, ft, a, 0,0, 0,0,0, 
o.a. 3, 0.0,0 



B,a,4,o,o,o.o,o, 
s,a,5, 0,0,0. 0,0, 



0,3,0,0,0,0,0,0. 



o,3.a, 0,0,0. 0,0, 
e,a, 3, 0,0,0, 0,0, 
0,3,4,0,0,0,0,0, 
0,3, s, 0,0.0. 00, 

0,3,A,o. 



0,3,7.0,0,0.0,0, 



e.4, 1,0,0.0 



o,4.a,o.o,o,o.o. 
9,4,3.0 0,0,0,0, 
9.4.4,0,0,0,0,0, 
o,4,s.o.o,o 0.0. 

0.4,«, 00.0.0.0, 

0.4,7,0.0.0,0,0, 
o. 4, a.o. 0,0,0,0, 
0,4,9,0.0.0.0.0, 
o,s, 0,0,0, 0,0,0, 



85379" 

85979063, 
86079013, 
86178963, 



86774195. 

8687414 

8697409^ 

87074046, 

87173995. 

87973945. 

87373895, 

874-3843, 

87573795, 

87673745. 

87769333, 



90159094, 

90359044, 
90358994. 
90458944. 



ASCENDING BBANOH. 



N. N«a. 


D. N™. 


D. Log«. 


4-48070495 


i 9.a.i,o,o,o,o,o, 


90854377, 


8-4831 83<J5 


^ a, 5, a, 0,0, 0.0,0, 












i s, 5,4 0,0,0,0,0, 






i 9.5.a,o,o.o,o,o. 


91354067, 








s-4956a(i43 


I «,S,7,0,0,0,0,0, 


91453967, 


8-498 ia.io6 


i 9,5,8,0,0,0.0 0, 


9 '5539 17. 








3-50300898 


4, 6,6,0,0.0.0,0,0, 


91749360, 


"■5"55'I99 


i 9,6,1,0,0,0,0,0, 


91849310, 


a-soaoiTao 


i 9,6,a,o,o,o,o.o, 


91949360, 


3-5'05J553 


i. 9,6,3,0,0,0,0,0, 


9-i0493io, 


3-51303605 


4, 9,6,4..O,0.0.O,0, 


93149160, 


3-51554909 


4, 9,6.5,0 0,0,0,0, 


93349' 10, 


a-5iBo6454 


4, 9,6,6,0.0,0,0,0, 


91349060, 


3-53058370 


I S.6,!7,0.0,0.0,O, 


93449010, 


a -5^3 1033a 


i 9,8,8.0,0,0,0,0, 


93548960, 


3-53563638 


i 9.6,9,0,0,0,0,0, 


91648910. 


3-63803907 


i 9,7.0.0,0.0,0,0, 


93744393, 


3-53056711 


i 9,7,1,0,0,0,0,0, 


93844343, 


3-33309768 


4 9.7,a,0,0,0.0,O, 


93944393, 


3-53563078 


4 9,7,3,0,0,0,0,0, 


93044343, 


3-53816641 


4 9,7,4,0,0.0.0.0, 


93144193, 


3-54070+58 


4, 9,7,5,0.0,0.0,0, 


93344143, 


3-54334538 


I 9,7,6,0,0,0,0,0, 


933+4093, 


3-54578853 


4 9,7,7.0,0,0.0,0, 


93444043, 






93543B93, 


3-55088365 


1 9.7,9.0.0,0,0,0. 


93643943, 






93739436, 


3-55587378 




93839376, 


3-55843865 


4, 9,8,a.0,0,0,0.0, 


939393*6. 


3 -slog 8708 


4, 9.8,3,0.0,0,0,0, 


94039376, 


=■56354807 




94139*39, 


3566M.63 


4, 9,8,5,0,0.0,0,0, 


94339176, 




J, 9,8,8,0,0.0.0,0, 


94339136, 


3-57114641 


i 9,8,7,0.0,0,0,0, 


94439076, 




4, 9,8,8,0.0,0,0.0, 


94539036, 




i 9,8.9,0,0,0,0.0, 


94638976, 




4 9,9,0,0,0,0,0 0. 


94734459, 




i. 9,9,1,0,0,0 0.0. 


94834409, 




4, 9,9.2,0.0,0.0,0, 


94934359, 






95034309, 




i 9.9,4,0,0,0,0.0, 


95 '34359, 






95334309, 










i 9,9.7,0,0.0,0,0, 


95434109, 




i 9.9,a,0.0,0.0 0. 






i, 9,9.9,0.0.0,0.0, 


95634009, 


3-59374346 


i 10,0,0.0,0,0,0.0, 


95310180, 


a- 1 






4-1; 


1639436 100 -46c 


170.8 


e-M 


17944154 1000-690 


T.bi'^T 



174 ASCENDING BEANCH. 


N.No«. 


D. Ko«. 
* 10 0,1.0,0,0,0.0 


D.I^ 


a-696336»o 


J6<l0i30, 


a-69e933S4 


i io,o,a 











95510080, 


a-60153147 


; 10.0.3 














9581*030. 


3-60413900 


* 10,0.4. 













BS709»Bo, 


0-606737 "3 


il0,O.5 













fl 


9&809930, 


fl-60934387 


* 10 0.6 












95909880, 


a6ii963at 


110 07 














96009830, 


9-61436516 


* 10 0,8 












96.09780, 


«-6i7i797a 


1 10 0.9 












96909730, 


a-6.9S798B 


ilO. JO 














9e306«i3, 


a-6«9»99ft6 


1 10. 1,1 












96405 1«3, 


3-63493166 


tio.ia 


c 


c 


c 


c 




96&05.I3, 


9-63754678 


1 10, 1,3 












96605063. 


9-63017433 


tie, 1.4. 





c 


c 


c 




96705013, 


9-63380460 


1 10. 1.5 













96804963, 


9-6354373'> 


1 10,1. a 




e 









96904913, 


9-638o7!i74 
9-64071081 


i 10, 1.7 
1 10, 1.8 


c 












97004863, 
97104813, 


6 


e 





c 





9-64335i6a 


* 10, 1.9 













97304763, 


9-64587668 














97300946, 


»6485a966 















97400196, 


9-65117108 
4-65383935 













c 


i;« 


4. 10.2 3 








c 




965647607 


4- 10 3,4 












97700046, 


9-6591 ff>55 


i 10.2.5 












9T799996, 


3-66.79168 
9-66445347 


t loae 












97899946, 


* 10.2.7 






c 




c 


0-66711793 


il02B 












98099846, 


3-66978504 


i 10M.& 












9B •49796. 


9-67''33545 


i 10,3.0 














SflagsSTg. 


3-67500778 


il031 












98395*99. 


9-67768379 


* 10,3.2 












98495179, 


9-68036047 


i 10.3.3 















98595119. 


9-68304083 


t 10.3.4 












98695079, 


3-6H671387 


I 10,3.5 












88795019, 


9-68840959 


t 10.3.B 









c 




98894979, 


9-69109800 


i 10,3,7 














9-6937B910 
9-69648389 


^10,3 8 

















99094879, 


1 10,3 d 


6 





6 


6 





9919*899, 


9-69906880 


i 10.4,0 











9999031a, 


a -70175786 


■HD,4.1 


0,0 








99390969, 


3-70445961 


4 16 4 2 











c 


99490S19. 


a -707 16407 


4. 10,«.3 






99590169, 


a-70987193 


4104,400000 


99690119, 


3-71358110 


il6,4,i00000 


99790069, 






998900H, 




iio 4,7.0 6,6,6,C 






i 10,4.8 0.0 0,0 


100089919, 


979344771 


i 10,4,9,0.0 0.0 


100189869, 


979604939 


110,8,0,0,0.0.0,0 


100985345, 




4314718 10= 


9.-(O358509 


4-13 


86«9436 100- 


460517018 


S-BQ 


i7944iM 








IN 




«wmft5m 





ASCENDING BEANCH. 
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N. Ng>. 


U. Noa. 


D. t-opi. 


, 


70877544 


i 10,5,1,0.0.0.0,0, 


100385395, 




7315043a 


iio,a,a,o,o,o,o,o. 


100485»46, 




73433573 










4,10.5,4.0,0,0,0,0, 


1006BBI45, 




73970&93 


i 10,8,5,0,0,0,0.0, 


10U785095, 




74944664 


4.10,5,6,0,0,6,0,0, 


ID088S045, 




745i»909 




100984995, 




74793438 


116,5,6,0,0,0,0,0, 


101084945, 






4 10,5,9,0,0,0,0,0, 


10.184895, 




75330988 


4 10.8.0,0.0,0,0.0, 








4 10 8,1,0,0,0,0,0, 


1013S03S8, 








101480378, 




76157800 


410,8.3,0,0.0.0,0, 


loi^Hoaal 






76433964 


4io,a,-»,o,o,o,o,o, 


ioitiSoi7( 










ioi78oia( 










iuiHaoo7( 






77964095 


410.8.7.0.0,0,0,0, 


ioigHoo3i 






7-641359 










77B 18900 














10M75411 






7836538* 




















-891938a 


410,7,3,6,6,6,6 0, 


101575961 






79198304 


4 lO,7,4.,O,O,0,0,O, 


ioa675«" 






-947750a 


410.7.5.0.0,0,0,0, 








79756980 


4l0,7,e.0,0,6.0.0. 




























)O597090 


410,7,3.0,00.0,0, 










i io,s,o,o,o,o,o,o. 


103370444, 






4 16,8,1.0.0 0,0,0, 






)l4ii7i6a 


iI0,a,2,6,6,6,O,O, 






11708579 


4 10,8.3.0.0.0.0,0, 






11990387 


410,8,4,0,0,0,0,0, 






13373978 


416.8,5.0,0,0,00, 






83554549 


i lO. 8, 8,6, 0,0, 0,0. 


1038-0144, 




13837103 


i lO.a.7,0,0 0, 






>3 119940 


410,8,8.0.0.0.0.0, 






13403060 


i l6,S,d,o 0,0,0,0, 






I3673793 


; 10,9,0,0.0,0,0,0, 














54341433 


4lOft.ii,0.o,o,o,o, 






34535664 


410.9.3.0.0,0.6,0, 








410,9.4,0.0,0,0.0, 






15095000 


410,9,5.0,00,0,0, 






'5380095 


410,9.6,0,0,6,0,0, 




1 


85665476 


416,9,7,0,0,0,0,0, 


104965197. 




8595' '40 


4 10,9.8,6.0,0,0,0, 


105065077, 




86937091 


4 16,ft.fl, 0,0.0,0,6, 


105165037, 




4 1,6,6,0,0,6,0,0, 


104841 I9B. 


a- 1 


9314718 10 = 330 






i-i? 


8699436 100-4S0 


17018 


I. 



ASCENDINQ B&A^CH. 



* 11,0,1,6,0.0.00. 
i 11.0,8.0.0,0,0,0. 

tll,0,A,0,0,6.0,0. 
1 11,0,4,0.0.0,0.0. 
1 11,0,5,0,0,0,0,0, 
1 11,0,4,0,0,0,0,0, 
i 11,0,7,0,0,6,0,0, 
1 11,0,0,0,0.0,0.0. 

1 11,0,0,0,0,0,0,0. 
1 11, 1,0,0.0.0,0,0, 
111,1,1,0,0.0,0,0, 
iii.i.a, 0,0, 0,0,0, 
1 ii,l,a,o,o,o,o,o. 

111,1.4,0,0,0,0,0, 

( ti, i.s, 0.0,0,0.0, 

111,1,0,0,0,0,0,0, 

1 11, 1,7,0,0.0,0,0, 

111,1:8,0,0,0,0.0, 

iii,i,e,o,o,o,o.o, 
1 II a,o,o,o,o,o,o, 
i 11. a, 1,0,0,0,0,0. 
1 11, a. a, 0,0,0,0,0, 
i ii,e.3.o,o,o,o,o. 
i ii,a. 4,0 ,0,0,0,0, 
i 11.2,5,0,0,0.0,0, 
1 11 ,a, A, 0,0.0 ,0,0. 
ill, a, 7,0,0.0,0,0, 

I U,B, 8,0,0,0, 0,0, 

^ ii,^.ft,o.o,o.o,o, 
1 11,3 0,0,0,0,0,0, 
i 11.3. 1,0.0,0,0,0, 

1 11.3.a,6.0.O,0,0, 

111,3,3,0,0,0,0,0, 

1 11,3.4,0 0,6,0,0, 

iii,a,s. 0,0 0,0 c, 
111.3,6,0,0,0,0,0, 

iii,a,y,o,o,o,o,o. 
1 11,3.8.0,0,0,0.0, 

111.3,9,0.0,000, 
1 11.4,0.0.0,0,0,0, 
111,4,1,0,0,0,0,0, 
1 11,4,2,0,0,0,0.0, 

i 11.4,3.0,0,0,0,0, 
1 11,4,4.0,0,0,0.0, 
1 11 .4,5.0,0,0 0,0, 
1 11,4,6,0,0,0,0,0, 
i n 4,7,0.0.0,0,0, 
111,4,7,6,0,2,3,9, 
3'47'B 



104941 14B, 
10S041098, 

'051-1 "He. 
• "05140998, 
1053409'H, 

■0644o8ftB, 
'05540848, 
105640798, 
1057407 4H, 
105B3613', 
"ii6936'Bl, 



1 0703 1 164, 
107131 1 14, 

10713 1064, 
107331014, 
107430964, 
107530914. 
107630864, 
107730'" 4. 
107836197, 
107986147, 
loBoa6Lg7, 
108116147, 
1 08916097, 
101(396047, 
1 DB415997, 
ID8535847, 
108615797. 



1094110 
1095109 
1095811 

130158509 

460517018 

690775537 



ASCENSINO BBAirCH. 




.|3 8|o ,|5 
I I 2 5 5 a I 4 

i|8 -■ 



9+ 

8 4- 

6+ 



I 9 5 5 a 4- 



•301445 



•« 9 9 3 4 ■ 



I I 8 4 9 9 i-t- 



•5.' 



■s 9 9 I 6 1 I 3 6 I 9 
II 
•11 '4 '7 '6 •« 'a '3 '8 "5 '7 '0 'Jt 
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ASCENDING BRANCH. 



Ascxvoiire Br&itch. 




♦u, 



3 


8 


5 


3 


1 


1 


6 


7 





6 


1 


1 






1 


1 


4 


1 


2 


4 


6 


6 


8 


2 


4 










1 


7 


1 


1 


8 


7 








2 


*'4, 












1 


1 


4 


1 

2 


2 

8 


4 
5 


7 
3 




3 


9 


6 


8 


9 


6 


4 


6 


8 


5 


3 


7 








8 





7 


8 


2 


7 


5 


2 


8 

















6 


2 


3 

1 


4 




8 
3 


2 

9 
1 


6 

1 




*'7, 


3 


9 


8 


9 


8 





9 


8 


9 





4 


4 


< 








1 


7 


9 


3 


8 
4 


8 
4 


5 
8 


9 
4 


3 

7 
6 


♦'6. 


d 


9 


9 


1 


6 





4 


2 


2 


4 


9 









• 


• 


• 


t 




5 


9 
8 

2 


8 

9 

3 
1 


3 
7 
9 
4 

2 


2 

4 
3 
9 




1 
8 

3 
6 

9 


/3. 
/7. 


• 
• • 


•9 


9 


1 


6 


1 


1 
11 


3 


6 


1 


9 


7 





*ii, 4, 7, 6, 0, 2, 3, 8, 5, 7, o, 5, 

Hence the two branches coincide, the dual digits and the 
digits of the corresponding natural numbers at this point 
being expressed by the same numbers in consecutive order. 



TABLE IL 



t 
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TABLE II. 



DESCENDING BRANCH 



OF 



DUAL ARITHMETIC. 



DUAL NUMBERS AND DUAL 
LOGARITHMS, 

WITH 

COERESPONDING NATURAL NUMBERS, 



■gHTfanav 

■9ae043g4 

■gBsoasefl 
■9H407+83 



t"7B 
■97618548 

_ '355385 

■97aaa(io9 



■96739 LO< 
'96643363 

■966457i'o 
■96449 [74 
fl63&«7=a 



95363543 
■95867579 
■957717" 



00 lOOOOOT 
'O'O'S o^o o 00 1 

■O O * O 00 O'O T 
■00s 00 000 T 

■ooeooooo 



070t 



000 '> 



'O 0'8 O 00 00 
■00 9 O O'O'O O T 
DO'OOOOT 
lOOOOOT 

I'aooo'oot 
0000 1 



AOOOO 
SOO'OOOT 



■02000000 T 

oai 00000 t 
•o a aoo 00 o T 
•oa 3 000 00 ^ 
■da *606 o 1 

■OflAOOOOO't 

■oaaoooooT 
■caTooooot 

OS' 8' 000 00 t 

'O'seo O'O'O o t 
■O'aooo'oo'ot 

'0 3 80 000 t 



■0'« 1 00 00 O T 

'0'4 BOO 000 t 

■O'4'3'0O0'OOt 

■0'*'4'0 O 00 O t 

■0'4'6'0 O O O O t 

■O'4'6O'OO0Ot 

-0'4'7'0'0'0'DO t 

'0'4'8'00 00* 

'0 4'00000'0t 

'O-S'OOOOOOt 
693'47i8 10 = 330258509 

138639436 100 = 4(^517018 

!'07944154 ^< 



_7 00350 

■900450 
1005034 
1 105084 
1305134 
.305180 
i40a'J30 

1605330 
1705380 
1805430 
1905480 



■aaioaia 
'3410368 

|95l03ia 

'9710413 
'9810466 
■agiojiS 
'301510a 

s'sa 
'3315303 
'3315359 

'3415303 
■ :535a 



540a 
'371545a 

' ■■550a 
__ 1555a 

'4030136 

'4130186 

'4330336 



'4530386 

'4630436 

'4730486 
■4830536 
'4930586 



■949o8y03 
■94813995 
■9t7i9'ei 
■94604463 
■945a9e39 
■94+353 'I 
■94340875 
■9-1346535 
■9414B015 
■94053867 



'9377 'ago 
■9367a« 19 

■9aafi4S4i 
■9349095; 
■93397467 

■933'H»>7'> 
■93a "6535 
■93"33»!J 
■93030316 
■929*7 '96 



■92741435 

^648694 
■93556046 
■9346349" 
■91371037 
-93374470 
•93189196 
•93090014 

1997914 
'9' 905927 

■91739308 
•91S30486 
■9 '538856 
■9'4473i8 
■91 35 '725 
•91360374 
■91169114 
■9< 077945 



■90714183 
•90613469 
■90539846 
■90000000 



DESCENDING BRANCH. 



'O'5'«'O'0O-O0l 

■o'a7'o,oo^o'ot 

'0-5'80 O 000 t 
'6'8'ft'O 6 O'6'O f 
■O'B'O'O O O'O'O f 

■o-9voooat> '! 

■OB'aoo'O^'O ^ 

'O'e-3 O'd 000 T 
■o«^« o o o o-o T 

•0'6 S'O O 00 O f 
'<i'6-7'0 o ©■©■o T 
>0^6 B O O O'O'O 1 
■©■«'B ©■O'C <5'6 T 
■O-7'OOOOO'ot 

■o'7'io^ooo^6T 
'6 ya 000 O'o t 

'0'7'3 000 00 t 
■0 7*'0 00'OT 
'6'7'ft'6^oooot 
-o'7<eo'0'd'0'6t 

'07'7'O0^0 ©■O t 
■0-7'8 O'O-O'OO t 

■0'7's-e'o'6'0'bt 

■O'S'O O'O'O'O o t 
'6'8'1'6'0'6-6'01 

■o 8'a o o o o o t 

■0-8'3 O O O O O t 
>O'8'4'O'0'«'«'O t 
'6'8'&-0 O'O'O'O T 
'0'8*6^0 O a O'O T 
■©■8 7O'O'0'0-6 t 

'O'a'a'o'O'bo'o t 

'0'9^0 O'OO'O'O t 

-oeioo'OO'ot 
■o O'ao'o o o o t 

•O* 3'6O'0 O O t 
•©■©■4 ©■OO O O t 

■o o'a oooo'O t 
'©■9'a'o^oo ©■© t 

■0-9 7^00'0'0'0 1 

'0'9 a^o'o o o'o T 



115330 

'5335370 
'5325320 
'5425370 
'5525420 
■5635470 
'5725520 
'5825570 
5935630 
""030304 

'3^254 



6430404 . 
"J30454 

*)630504 
'6730554 
'6830604 
■6930654 
'7035238 
■71 35288 
'7235338 



'763J638 
■79356B8 
'804037a ■ 

'8340371 
'8340493 
'8440472 
■8540522 
'864057a 
'8740633 
'8840673 

'9045306 
'9145356 
'9345406 
'9345456 
'9445506 
'9545556 
'9645606 
'9745656 
'9845706 
'9945756 
0536053 



' 69314718 
'I3B699436 
007944154 



DESCENDl.NC iiKA.NCIL 



1 lOlOOOOOf 


1 'loaoooooi 




■lO * o o o o o t 


■lOBOOOOOT 










1 ■llo'O'OOO-Of 






■iiaooooof 


'I'l'4'OOOOO" 




iieooooo^ 




■11 a o oo oo 1 




•laooooooi 


I'SIOOOOO^ 


■laaooooo^ 


i -1 2 3 OOO oo ^ 


'la 4 oo oo o ' 


■1'2 S oo oo 1^ 


1 '13-6000 00t 


■12 7 0O00O^ 




■ia9oooooi 


■I3000000t 


i laiooooot 


■i-3aoo'0'ooT 




1 34 OOO oo r 


•1'3'5'O'OO'O'OT 




'■ 137OOO001- 


■I3SOOOCOT 


■139 00 00 0T 


■lAOOOOO'OT 


1 TAlOOOOOt 




! 14 3000001 


■1'4'4. O O OO I 


■l'450 00 0i 


■l'4'6 0000 0t 


•l"17000 00t 


■lABOOOOOt 


•14900000T 



'12241436 
■12341 4H6 
'12441535 



|i304(i37O 
■13146470 



'i4556i»" 
'I465fi238 
•1475628a 
'14856338 
■1 49563^8 
'15056438 
■15156488 
'I5a56.'.38 



= 230258509 
= 460517018 



DESCENDING BRANCH. 



■84y9'777 
■84ijutJ786 
-R4!lai88o 
■04733314 
■B4'i4648i 
■H45''3l!3a 
■84479269 
■843n47i'9 
-843103C14 
■H4a'ifi(i84 



•B363447B 
■83550844 
■fl3-t<>7394 



■833110444 
■83117144 
■83133937 
■U3o470>a 
•a'jy(i3g75 
■821181013 
■82708131 
""3715333 
■8j 03201 e 

■i!2ii4(,9a6 
-824(17435 
■H13H4968 



■81479559 



1'5 lOOOOO* 

^■5'aoooooT 

'l5'560000t 
1 S70.0 00 0t 

■issooooot 
■issoc-ooot 
■ISO 00 000 1 
■loiooooot 
■I'saooooot 
*l'«-3-6oooot 

■164'0'6'd0 6t 

l'8'S-Ooo--o'o t 

■I'66'6'0'o0'-6T 
IBBOOO'OoT 



iCBOOOOO 


■1700 00 


rr lo'oo'oo 




■I-7.30 00 


■rr*'ooooo 


-l'7'SO-O 00 


■iraooooo 


I'TT'OOOao 




■I-7-9OOOO0 


■1-8000000 


leioo-ooo 


■laaooooo 


'1'8-300000 


'1 B'*ood'oo 


■1 e-5'oo 00 




'1'8'7'0000 


■18 80000 


■ia»ooooo 




■I'ftldoooo 


'J-B'BOOOOO 


•yaaaoooo 


■l'S'«^0'0'0'0'0 


■IV so 0000 


■is'eooooo 


•r97ooooo 


■I'oeooooo 


■aoo'ooooo 



■if>8l«)4ii6 
■16966456 
'l7ul)65o6 
'17166550 
'17266H06 
'17366656 
■ - 66706 
17571390 



a= 693'47>8 
4-138639436 
0-1107944154 



io-33oa585P<) 



DESCEXDIXG BRANCH. 



■80757243 
■80676436 
•80595810 
■fl.iSiSaiS 
■80434698 
■^0354164 
■80173909 
'80190000 
■80109B10 



79- 1 0064 
■79630354 

■79&507*4 
■7947 "74 



■79339^04 
■791 5'" 74 
■79071034 
■7899" 953 
•78913961 
•78834048 
•78755314 
■78676458 
■78594^ 1 9 
•78515605 
•784371 'o 
■7B358673 
78180315 
■78303035 
■78193833 
78045710 
■77967ti65 • 



■77730469 
■77632739 
77575087 
77497513 
77430015 
77343595 
77365353 
77 1 B798R 
■77110801 
77030194 



■Bosoooao 



3 1 aooooo 
■ai'30 0-oo 
■aiAooo'co 

ai-ftooooo 



SB 3 00000 



aaoooooo 



■B'3'4'0'0 000 

'a'as'O'O'o o o 

'a'3-6000'00 
■a-3'7000 00 



-2 A3 00 000 

■a-* 3 o o 000 

■84500000 

'a'4-S'O 00 00 

'a4'7'0 0'0'0'0 

a4'e«oooo 
'a'4'S'oooo'O 

B'S'OO'OOOO 

69314718 10 = 



ii7aiS3 
la-iiss 



.873503 

i97»&53 

'33077137 

■ 77187 



777487 
877537 
'33977587 
"13083171 
13183131 
1338337 1 
13381331 
13481371 
13583401 



'34087305 
■34 187355 
'34387305 
" 14387355 
'84487405 
'34587455 

■ 4 ''87 505 
4787555 

'34887605 
'34987655 
'35093339 
'35193389 
'35393339 
'35393389 
'3549'' 4 39 
'35592489 

■ i56i(3.-,39 



^307944154 



DESCENDING BRANCH. 



•7673-153S 
■766451)14 
•76569169 
■76493600 
•764161013 
■7634969a 



■75345310 
■75879335 
■75803457 
■75727673 



■75H0561 

■75<»+a4ti 
■74970396 

■748954aS 
■74820531 
■74742320 
■74667578 
'7459291 1 
■7451 83 1 8 
■74443800 
■74369356 
'74294987 
'74110693 
■74146471 
74073325 



'73920903 
■73846983 
■73773137 



■a i 'i*'0'6'6'6 i 
■asa 00 000 f 
■a-aaoo'oo'O t 
■av5'4 00 o oO T 
B A's 000 00 1 
■a'seooo 00 1 

aSTO.OOOO T 
'B' 5' 8 O' 00 00 t 
■2 5 90 0000 t 

•aeo o'0-o'0'6 t 
aei 00000 1 
'B'«'a'o 000 o t 
■a «'30 o 000 1 

■2 6*0 
■fi'BSOOOO O T 

■ae so 
■a«-70 

'a'6'B'O 

■as 90 

•ayoo'O'O'O'o t 

'fl'7'l'OO 

-a'7'ao'o 

■a73o 

■a'7*o 

■2'7'5'0'00 00 t 

■a 7- 6- 00 000 t 

■a'7'700000 t 

■a'7ao o 000 ]■ 
•a 7 9 000 00 T 




'a'B'o'oo 
■as I'ooo 00 1 
■2' 8 a- 00 000 1 
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•39166863 
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100049735 




■3ti7ailiil* 


9 5 30 00 O'O i 


■00149785 




■ayfiftriiai 


■9 SA'O'oo 00 1 


100349835 




■3™.'W455 


'S'6-S'0'0'0'6'0 1 j 


1 003498 H 5 




■g*i(iia;yG 


•9^5 6OO00Ot i 


■00449935 




■3fi5Ki(i73 


•9 S'7'd'6O0'O 1 


100549985 




■3<>.i-IH5H7 


■9 5 S O'O'O 00 t 


IOOS50035 




■3tii 13037 


■9 S'9'O'OOOO t 


IOO75OOB5 




■304741170 


■960'00^0'00f 


100854669 




■3«-13J<3!)6 


■S-61000'0'0l 


100954719 




■3t>4"J!)a7 


•9 6'B'O'O'O'OOt 


10 1054769 




■3':;i'i05oa 


'9-6 aOO 'dO'O T 


IO.I54B19 






■9e 40 o'o I 


101954869 




■3'ii&-iH6u 


'd'es-d'oeao t 


101354919 




■SliauCoO? 


■96e<J'0'0'0'0 f 


101454969 




■SHaa-ialu 


■©■eroo-o'O'o I 


101555019 




■jJliiUjuH" " 


■s-GB'o-oaoo r 


loitis5069 




•361471106 


-969OO0O'Ol 


101755119 




■3'iiio.a. 


■9 7 00 00 00 1 


101859703 




■ali-T+ot I 


■97 I'e-a^c'O'ot 


'01959753 




"3«037!137 


■9 7aooooot 


103059803 




■30111. iHr,i( 


■9r3-oooo'ol 


103159853 




■3S;iti5Ba7 


'97-»O000'0t 


100355903 




■35yJ!IJ13l 


■97'5'O'OO^O'Ot 


'03359953 




■3S«j.4"oi , 


'9 7 e'O O'O t 


10S460003 




■3iiii"l<i7 


97 7O^00OOt 


102560053 




■3SSJ'J2 jt, 
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1 1790(1636' 
1 1 H 006686 



1 1 8aofi936 ■ 
1 1 HSuGgae 
1 1 8707036 



1=0617054- 
' 1 30677193 ■ 
■'30717104' 



S= 693i4-<a 
4— laBbay^alJ 
8 — ao7944ia* 
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'i r4'7'6'o'2'3'9 f io- = 2 9916114= 
f 11,4,7,6,0,2,3,9, ; hence the dual logarithm of any 
given number may be obtained from these tables, and the 
log. of io, = 230258509, • 

4„(299r6ii4) = 'i2o677293-f4 4,, (10) 
4^1., (10)= 921034036, 
vl/, (•299i6ii4) = 'i2o677293 

8oo356753,=^j„ (2991-61 14) 

Although we employ multiples of J., (10) here and in 
other places, as well as in the introduction to thoge tables, 
in order to convert J^, C29916114) to 4^,(2991*6114) or 
to J,, ('0029916114) &c. or to convert ^j (1 378201) to 
^, (1378 201) ; >j,, (-01378201); &c., yet in practice such 
multiples are seldom required (see Chapters V. and VI.). 
For example, multiply •00086194541 ; 1378*201 ; and 
2991*6114 continually together and divide the product by 
the product of *785398i6 and 1865. Ans. 2*42621194. 

A B C Add 

'4 f (-86194541)= 'H85633B J4856338 

3,. i, (1-378201) = 32077903, 1 67922097 ar. CO. 

3, >|/, (-299161 14) = ^120677293 '^20677293 

o I, (78539816)= '24156447 175843553 ar. CO. 
3, I, (1-865) = 62326108, '62326108 . 

'1 '141625389 

_230258509,=4,,(io) 

>Ka-4262ii94)= 88633120, 

In practice the numbers C, taken from the tables, do not 
require to be set down. Nor is it necessary to write down 
A, which is only to show how many places of figures tlie 
decimal point should be removed to the right or left in B 
to produce the given numbers to be operated upon. 

The work may also stand thus 

Add 

18514366-2 ar. CO. 
_ 32077903, 

1879322707 ar. CO. 

£24156447, 

137673892 ar. CO. 
230258509, 

^ (2'4262n94)=88633iao, aa a\>oN^. 
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To find where the ascending and descending branches coin- 
cide, or where the dual numbers are composed of the same 
digits and the corresponding natural numbers expressed by 
the same figures, let so be the required power of both i*i and 
•9; then 

(ii)'=io(-9)* 

>t, 0'i)->t»C9) 20067070, 

Again, lety be the required power of 101 and 99 the 
next bas^s in succession ; then 

(ri)"(ioi)«'=io(-9)"C99)»' 
.-. II \, {v\)-\-y\, (1-01)=^, (10)4-11 4., (•9)4-y|, C99) 

. .._ j^» (io)~ ii 4,(i-i)-hii >|^,C9) _ 9520743 _ , ^ fi ^ 

•• ^"" ' >!., (1 01)- 4,, (-99) "" 8000067 -^'7,«,o, 

Again l> 00) -I ^ 1,4,7,6,0, VnV7-6-o -t^475,^ 3 
^ >|^/i,— let 200 

/. \f n, 4,7,6,0,2,3,8,5, and 'n V7'6 o'2'3*8'5 f 

are the required dual numbers, and 2-99161136 and 
•299161136 the corresponding natural numbers. 



Jr THE J?ND. f 






WTBlAir AKD BOVa» PaWSHW, OaUkT ^.TSinyS WMW-^t. 



4 




) 



